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Introduction

1. Life of Diocles

We know nothing about Diocleés except what can be inferred from the
present work. Until the diseovery of the Arabic text; even his date
wag in doubt. The extraects from his work transmitted by Eutocius
{see p. 18) show that he must have lived after Archimedes, since he
supplies a solution to & problem left incomplete in the text of
Archimedes 1), Unfortunately BEutocius also inserted references to
Apollonius' Contes in his version of Diocles 2), Despite Tannery's
warning that these must be additions by Eutocius 3, they were used
to establish a terminus a quo. A terininus ad quem was devised from
the name Yeigsoid",. which was used by Geminus. On the assumption
that it was the ancient name for the curve described by Diocles 4),
it wag concluded that he lived before Geminus. Thus Heath, HGM I
p. 264, asserts that Diccles lived after: Archimedes and -Apollonius
and before Geminus, i, e. (according to Heath's erroneous datings
of Apollonius and Geminus) between 200 and 70 B.C. 5),

The full text of Dioclés' treatise allows us to establish hig
date with some preécision. It confirms Tannery's suspicion that the
references to Apollonius are additions by Eutocius. With one

Eutoeius, Heiberg III pp.160-62. In our text, §§136=L9

Heiberg TIT p.168, 10-12% p.170, 16=17 snd 29-23,

Tannery, "La cissolde" p.h6.

§219 £f. Butoeius, Heilbverg IIT p.68. The agsumption is in fact
extremely dubious: see p. . ;

There are no grounds for Heath’s further.refinements; "teowards the
end of the second century" (ibid.), "a century or more later thap
Apollenius™ (ibid. IT p.200). For the use-of Geminus-as ferminus
ad- quem see also Cantor, Vorlesungen p-35%, On the priobable date of
Geminug (Tirst century A.D. rather than the conventional first
century B.C.) see Neugebauer, History of Astronomy pp.579-80.
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Diocles® life

exception, Diocles refers only to mathematicians of Archimedes!
generation or the preceding one, Conon, Pythion, and Dositheus 6),
i, e. men who flourished about the middle of the third century B. C.
The exeception is Zenodorus. Although the Arabic text is slightly
corrupt at both places where this person is mentioned, that is the
only plausible way to read the name. Since Zenodorus was in
personal contact with Diocles, and can himself be dated by his
association with the philosopher Philonides, we can assign the
"floruit! of Diocles with assurance to the early second century B.C.
(roughly 190-180) 7), This makes him an exact contemporary of
Apolloniug (who was himself aequainted with the young Philonides) 8),
It also makes him close in time to Dionysodorus, who, like Diocles,
supplied a solution to Archimedes' problem, and who is named as
a teacher of Philonides 9, This external dating fits well with the place
we should assign Diocles in the history of the theéory of conics (essen~
tially pre-Apollonian) from analysis of the present work (sée pp: 9-17).
The only otheriinformation on Diocles' life afforded by our text
is that when Zenodorus propounded to hini the query from which
the book starts he was living in Arcadia (§4). It would be wrong to
corniclude from this that Arcadia was a “cultural center' in this
period (though the future historian Polybius was growing up at
Megalepolis. at about this time): the whole of the introduction (§§3=7)
confirms the impression we derive from other contemporary
sources; that mathematics during the Hellenistic period was pursued,
not in ""schools'" establishedin*cultural centers', but by individuals
all over the Greek world, who were in lively communication, with
each other both by correspondence and in their travels 10),

6 See §§ 3,6,136,140, with notes ad loce.

7 1 omit the detailed evidence for the dating of Zenodorus, since I
have discussed it exhaustively in my srtiele "The Mathematicsn
Zenodorus' . I suggest there that he is to be identified with a
Zenodorug who appears in an Athenian inscription of 183/2 B.¢., but
the dating in no way depends on that identification.

8 Apollonius, Contes IT Introduction, Heiberg p.192,8~11. The evidence
for dating Apollonius’ mathematical activity in the late third and
early second centuries B.C. is summsarized in my article "Apsllonius
of Perga pp.179-80,192. Tt is converniently given 4 ewtenso by
P.Fraser, Ptolematc Alezandria II pp.600-03 (notes 316=26). TFraser®s
own digeussion (ibid. T p.li15) is worthless. i

9 Cronert pp«9h5,952,956.. For what is known about Dionysodorus see
Bulmer-Thomas, "Dionysodorus". His solution to Archimedes® problem
is given by Eutceius, Helberg ITT pp.152=60.

10 The failure of P.Fraser to understand this vitiabes the whole séction
(ChoVIT PL.IT) on nathematics of Wis Plolemuic Alexandric.

Diocles® work
2. Diocles' Work: Title and Subject

The Arabic title, On Buening Mivrovs (fi 'l-maraya l-mubriga), is a
correct translation of its Greek predecessor, nepl muplev, which is
the form in which it is quoted by Eutocius 1), Whethier it was given this
title by Diocles himsgelf ig dubious. H is true that the treatise starts
from two problems councerning burning-mirrors. These are answered
in Prop. 1, which deals with the parabolic mirror. Props.2 and 3 deal
with the spherical burning mirror, Props.4 and 5 again with the
parabolic mirror. But the rest of the treatise has nothing to-do with
burning-mirrors. If we ignore the spurious Props. 6 and 9(seepp.161-2
and 168), then Props. T and 8 deal with a problem left unsolved in
Archimedes® Sphere and Cylinder, and Props.10-16 with the problem
of doubling the cube, One can trace a gertain logical sequence in

the propositions, The problems with which Diocles starts require
theorems in conics for their solution. After dealing with burning~
mirrors, he then proceeds to another problem requiring conics
(Archimedes'), then another {doubling the cube, which he solves by
the intersection of two parabolas). Then he propounds another
solution of doubling the cube, this time using not conics but a special
curve (the cissoid). However, it must be admitted that the connection
is tenuous; and the work is in reality a colléction of groups of

~theorems in higher geometry which have little in common but their

author. It is conceivable, asg J. Sesgiano-guggested to me, that what we
have ig three separate short works (on burning-mirrors; Archimedes'
problem; and doubling the cube) which were combined into ome in

the course of transmission. If that is so, the combination had already
taken place by the time of Eutocius (sixth century A.D. ).

3. The Theory of Conic Sections up to the Time of Diocles

Much of the mathematical part of On Burning Mirrors employs theorems
in conics. To appreciate Diocles' own contribution, one must know
something of the state of the theory of conic sections when he wrote
the treatise. This, however, is a matter of considerable uncer-
tainty. The only systemdtic treatise on the theory surviving from

15

1 Heiverg IIT pp.66,85 130,233 160,3:h4. The form of the word in Dioccles®
time: was presumably §till wugelov, bBut the confusicn between ey and
v 18 common (e.g. in Inscriptions) in the Roman period., The form
tuptov-is found in Anthemius and the Bobbio Mathematicsl Frapment
(Mathematicts Gragst Minoves pp. 85,93 88,127,



Earlier history of Conics

antiquity is Apollonius' Conies (What knowledge, if any, Diocles had
of that treatise is a delicate question, ss will be seen). Besides that,
we have only some works of Archimedes (Conotds and. Spheroids,
Equilibriums of Planes, Guadvatiure of the Parabola, On Floating Bodies,
The Method) which make some highly specific applications of conies
and incidentally allow a few inferences about the existence in his
time of theorems in elementary conics 1), Archimedes is also our
main {and most reliable) source for pre-Apollénian terminology in
conics. Otherwise we have only some lemmas to earlier works on
conics in:Book VII of Pappus'Collection, and some sketchy accounts
of somie parts of the early history of conics in late authors, notably
Pappus and Eutociug, These provide only second= oy third-hand
information, and are suspect in many ways. Nevertheless, from
them and from the surviving texts the following conventional account
has been developed in modern times 2), (We shall see later what
features il the account appear difficult to sustain in the light of
Diccles' treatise).

The theory of conic sections was invented by Menaechmus
(mid-fourth céntury B.C.) The three sections were obtained by
cutting a right circular cone by a plane at right anglesto a gene=
rator. If the cone ig right~angled this producés a parabola, if
obtuse-argled a hyperbola, if acute-angled an ellipse. The three
sections were accordingly named "séction of a right-angled
cone', "section of an obtuse-arngled cone' and "section of an acute=
angled cone' respectively. Theése are the names still appliedto ‘
them by Archimedés, more than a centupy aftér Menaechmus 3),

1+ For examples gsee notes on §§MO,M1,1709171= The best dccount of what

can be inferred from Archimedes about the theory of comics in his

time is still Heiberg, "Kenntnisse des Archimedes’, though it needs
supplementing. '

Best in Zeuthen, Kegelschnitte (for some important idicsyncrasies

of Zeuthen see pp:«13,16)s Derived almost entirely from Zeuthen

(in places word for word) is Heath, Apollonius PO LRVII=lxxxvi, but

it is a convenient collection of the scattered facts. Bssentially

the same in Toomery "Apollonius" pp.180-85, which &lso owes much

to Dijksterhuis, Anehimedes, particularly pp.55=79:

3 The occurrence of the word nupoRoxd in Avchimedes?® Method (Heiberg 1T
p-k36,1; p.498,32) is considered, plaugibly, to be due to the extant
text being a revision of Archimedes® original (all traces of the
Syracusan didlect which Archimedes normally used have venisned):
see Heiberg, ""EBine neue Archimedeshandschrift!' pp.297-98. The
occurrence of Exievdus in Consids and Spheroids; Helberg I 1.292,9;
p.298,26 and p.300,7, is certainly due to interpolation. Sée Hei-
berg, "Kenntnisse" pp.dz-ll.

ny

Earlier history of Conics

Between the time of Menaechmug and Archimedes treatises on
conics were written by Aristaeus and Buclid. We have almost rio
direct information about the contents of these. However, Archimedes
refers to certain theorems as proved Yin the elements of conics™
(&v 1ole nwvinols orouyelong)4). This is usually taken to refer to
one or both of the works of Aristdeus and Buclid5). I prefer to regard
it as a vague rather than a specific reference, to Yelementary works
on conics' (in much the same way as Archimedes medns by £v th
agrotyerdoes 6) not, as is cominonly supposed, a specific work by
a gpecific man, namely Euclid, but "the accepted body of theorems
in elementary geometry'). Whichever viewis c¢orrect, by the time
of Archimedes there existed a body of theorems on conic sections.
The conterit of some of these ¢an be inferred from Archimedes' works.

I will not list such theorems here (for an attemptto do so see
p.4 1, 1), Instead, I will describe those features in the pre-
Apollonian theory of conics which seem to distinguish it from the
classical, Apollonian théory. The most obvieus isthe way of
generating the curves, which is reflected inthe nomenclature
("section of a right-angled cone', ete.) With this method of gene~
ration; each of the three curves can be characterized by what
we may call a Ysymptoma' (adopting the Greek term odpnTwwa, &
constant relationship between certain magnitudes which vary accor-
ding to the position of an arbitrary point on the curve; a symptoma
sometimes, but not always, ¢orresponds to the miodern "equation
of the curve). Consider Fig. Il (p.11), which represents a right~
angled cone cut by a plane perpendicular to a generator; which
produces a parabola with vertex 7 and axis ZF. For-an arbitrary
point K one can prove that

KI.2 = 2A7, ZLi ' (1)

(for'a proof see p.10}. In algebraic notation, if KL. = y, ZL = x,
247 = p,

2

y2 = px. - (1)

p

b Quadrature of the Parabola IT1, Heiberg IT p.268,3: Gy Consids and
Spheroids 111, Heiberg I p.27h,3 and Floating Bodies 11,2, Heiberg 1T
P+350,8~9,

5. B.g. Heiberg, Avehimedes II 1.269 n.2: Heath, Apolionius p.xxxvi

& Sphere and Cylinder I 6, Heiberg I ps20,15.



Earlier histovry of Conics

We find Archimedes using this relationship in the parabola, and
calling p (the modern parameter) "the double of the distance to the
axis" (o SumhoolCa 1ds péxpu ToY &Eovog) 7), which can be taken as
denoting 2ZA in Fig. 118), Similarly for the hyperbola and ellipse
(see Figs: IV and V, p.12); we can show that

KL2 27F @)

ZL.PL =~ PZ

(for a proof see p.11). In algebraic notation, if KL =y, ZL = xj;
FL: = x9;, 24F =p, PZ = a,

2
R AT < S
x5 - constant. (2a)

We do not find this explicitly in Archimedes (for a possible exeception
gsee p.13); but we do find him using for both hyperbola and ellipse
the equivalent of the relationship
9
y2 . y12
XyXo x'y x'y

and there can be no doubt that the relationship (2) was as well known
in the "elements of conics" as was (1). It seems to me virtually
certain that by Archimedes® time the relationships (1) and (2) were
considered to be the defining properties of the three curves (see
further pp. 10=15).

The most characteristic feature of this miethod of defining the
curves ig that they arve in Yorthogonal conjugation'; i.e. ZL always
lies on-the axis of the curve and KL, is at right angles to the axis,
This is reflected in Archimedes' terminology: he calls ZL the
Udiarneter (Hudpetpog), and not the Yaxis" (&Ewv). A “diameter!
of the parabela in the miodern (i. e. Apollonian) sense he calls
parallel to the diameter! 10),

T Conoids and Sphevoids 1IT, Helberg I p.272,17. For other examples
see Heiverg’s Index I swve udypt.

8 For ancther way of luterpréting the phrase see p.13 and note om 538,

9 E.g. for hyperbola Corioids and Spheroids XXV, Heiberg I p.376,19=233
for’ ell“pse ibid. VIII, p.20hL,20-06, For other references gee Hel-—
verg, "Kenntnisse" pp.L8,55. .

10 E.geQuadratuve of the Parabola I, Heiberg IT p.266,7. For other peculiars
itles of Archimedes’ terminology see Heath, Apollonius Pexlix.

Earlier Wistory of Conics

Apolloniug introduced a new method of generating the curves,
by cutting the cone, defined'in a much more general form, namely
the double oblique circular, by a plane. According to the different
dispositions of the cutting plane; the three cueves can all be generated
from the same cone 11), Apollonius found symptomata for all three
curves; and defined them by the method of ""application of areas",
which was the standard Greek procedure for formulating geometmcally
problems which are, algebraically, equations of the second degree 12).
In the parabola, if the ordinate is y and the abscissa x, he re=
presented the symptoma corresponding to equation (la), y2 = px,
by saying that the rectangle of side x and area equal to y2 ig applied
(topoRdiretol ) to the line~length p. In the case of hyperbola and
ellipse, since PZ = PL. - ZL and PL. + ZL respectively, Apollonius!
equivalent of equation (2a) can be transformed into the equivalent
of

_y: . P
xla & x) a

(setting ZL: = x instead of xl)., Hence

y2

1

z{p +-Ex) for the hyperbola 3)

y2= x(p -%x) for the ellipse. (4)

Apollonius represents the relationship (3) by saying (see Fig.I) that
a rectangle of side x and area equal o y2 ig applied to p so that it
exceeds it (SrepRdXAeL) by a rectangle similar to —g. Similarly he
represents (4) by sayitig. (see Fig.1I) that a rectangle of side x and
area equal to y% is applied to p so that it falls short of it (éXAelney)
by a rectangle similar to ‘g Hence he gives the curves the names
”parabola”,f‘ihyperbola" and "ellipse! respectively. The para-
meter p he calls 6p9Ca, i.e. the side of the applied rectangle which
is perpendioular to the ordinate. He also calls it " [the line} to. which
[when there is applied a rectangle with side equal to the abseissal
the ordinates are equal in square [to that rectangle]“l J,

11 For details see e.g. Toomer, "Apollonius" pp.181=85,

12 The Zocus classters 1s Euelid VI 28-29. The method is closely relgted
to the geometrical algebral" of Zuclid IT.

13 wop” v Sdvavral of uaquousvau Teraypdvns. I expand this h*ghlj
abbrev1a+ed expre531on to. Top” v [napaSaAkougvou op%oywvbov, 0%
f nkayua TAEVHA Lon TH &nokausavouevn G’ aUTng] StvaTat n
RUTIYHEYTY TEToyuévws. (Changed to the plural because it is true
of every ordinste). Similarly Mugler, Dictionndire p«151.
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Apollonius’ method of generating the curves differs’in another
significant respect from the glder methods it produces immédiately
obligue conjugation. That is; the relationships (1) to (4) no longer
apply to the axis of the curve and orthogonal ordinates, but to an
arbitrary diameter and the conjugate ordinates (i. e. the parallels

Theory of Conies itn Diocles

to the tangent at that diameter)., Apollonius proves at an early stage
in the Conzes (I 50 and preceding propositions) that one can establish
relationships equivalent to (1), (3) and (4) for any diameter and the

conjugate ordinates.

4, Conics in On Burming Mirvors

(1) Theory and terminology. It we now examiine Diocles' treatise in

the light of the above conventional account, we find that it would:fit

in with it véry well, if we could only ignore Prop. 8. Apart from

that proposition, it reads very much as we would expect a work

writtén in the pre~Apollonian tradition to do. Diocles consistently

uses the term "section of a right~angled cone' for the parabola

(see note on §8), and he treats it only in orthogonal conjugation.

He represents half the parameter of the parabola as a line-length

perpendicular to the axis of the parabola, in exact accordance with

the older definition (see note on §38). He assumes without proof

the theorem that the subnormal in the parabola is constant and equal

to the half-parameter. This theorem does wot -appear in Apollonius'

Conics, but we have independent evidence that it was a theorem in the

pre-Apollonian "elements of conics™ {sée note on §41). Diocles uses

the term dEwv only for the axis of & conoid, never for the axis of

a coric (seé note on §9, p..142). For the latter he uses “the bisector',

which dccords with neither Archimedes' nor Apollonius® practice

(gee note on - §8; p, 141L). He does indeed use the Apollonian term 0 Tep

"My s¥vavtal for the parameter, but since this is also found once

in Archimedes no conclusion can be drawn (see note on §9, D. 141).
The extérnal evidence, as we have seen (pp,1-2), makes Diocles

an exact contemporary of Apollonius, so it would hardly be sur-

prising -if he showed no knowledge of his Conies. But Prop. 8 poses

a difficult problem. There alone in the whole work appear hyper-

bola and e¢llipse: Diocles calls them not, as one would expect from

his nomenclature for the parabola, "section of an obtuse-angled

(acute~angled) cone'l, but OwepBoid and EXkevdis, i.e. the

" Apollonian'' names. Furthermore, the symptoma of the ellipse

is applied in oblique cornjugation:. Now it is not plausible 1o suppose

that eitherinthe Greék or the Arabic transmission of the text someone

altered the terminology here and here alone. We must thereéfore

recognize that Diocles himself used the terms, and is reésponsible

for the inconsistent terminology. No explanation of this inconsis~

tency -can be anything more than a suggestion. It is possible that

Diocles acquired a copy of Apollonius® Contes soon after it was pub-



Theory of Contes iwn Diovclés

" lished 1) and adopted the new terminology in this one passage. But
we should also consider the posgsibility that the conventional account
of the history of conics is not altogether correct.

To explain what I niean, I revert to the “pre-Apollonian! ge~
neration of the three curves from the three different types of eone.
These are depicted in Figs. III-V (right-angled, obtuse and acute
respectively). In each case the axis of the cone is AF and the cutting
plane is ZKL.; Z being the vertex of the section, K an arbitrary
point on the curve, and Li-the point where the perpendicular from K
meets the axis of the section ZF. MKN is the ¢irculsr section of
the cone through K, MLN the diameter of that cipcle passing through
L. ZG is the diameter of the circular section of the cone through Z
parallel to MN. GHand NE are drawn parallél o AP, n Fig. IV
NGA is produced to meet F'Z {produced) in P, Similarly in Fig. V
AGN is produced to meet ZF (produced) in P. Then in every case

KLZ = ML. LN (Buclid III 35)
and ML, LN = ZL.LE  {ZML, NEL similar triangles),

Then for the parabola (Fig, III)

BL _ NL
HzZ =~ Gz
but NL = GZ (AN || ZF)

EL = HZ = 2ZF
S KL2 = 71, 278 : (1)

{similar triangles)

or'y since this is a right-angled cone, and Z/A\F = 45% = Z%‘\A,

KL? = 71.. 2ZA.

1 We learn from Apollonins® preface to BE.T of the Conios (Heivers
p.2,18-21) that copies of the first two books were in circulation
before he began to "publish"™ the work. It is useless o speculate
about the probability. of Diccles having Known the lonies when we
are’ ignorant of most of the rélevant facts: the precise dates of
publication of the Contss (we knéw only that it was late in
Apollonius?® ‘career) and of ‘Ou Burming Mirrors; whet "publicatien™
of & book really meant in the Hellenistie period (multiplication
of copies, cirvculation, ete.): whether Apollenius and Diocles were
personally acquainted. )

10
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For the hypérbola and ellipse (Figg. IV and V)

Eﬁ% = %I-% = 11:—12 {similar triangles)

. 2ZF 2) - 2)

Now; for an arbitrary point K, KL i§ the ordinate and ZL the abc;issa.
97F is.a constant, twice the distance from the vertex of the section

2 Thesé proofs of the fundamerntal properties are c¢lose to or identical
Wwith those suggested by Dijksterhuis, Aréhimedes pp«58-59.
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to the axis of the cone (nieasured along the axig of the section). PZ
is another constant (the transverse diameter in the hyperbola, and
the major axis in the ellipse) and PL. = PZ + 7L, (i hyperbola and
ellipse respectively). Thus (2) can be reformulated as

2 27ZF ., ZLi

KL P ) for the hypérbola

= ZL: (2ZF +

and KL? = 7L (22F - 22E. 2L,

D7 forthe ellipse,

12
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which are the formulations (3) and (4) on p. 7:

y2

P
x(p+ax)

and y2 = x (p -%x)

These can be represented by the method of "application of areas! exactly
as Apollonius did (see p. 7). The only differénce is that here we are
using orthogonal conjugation (so KL is always perpendicular to ZL)
and the parameter p, which-for Apollonius is a rather complicated
ratio between different constanits in his genérating figure, ig here
simply twice an actual length in the curve, the distance from the
vertex to the cone's axis.

Not.only is it possible to express the symptomata of the sections,
generated in the old fashion, in terms of application of areas, 3)
but, in Greek geometry, it is natural to do so. I do not doubt that
this was done at an early stage (certainly before Archimedes);
and I am glad to find that I have reached the same conclusion as
Zeuthen4), It is interesting that we find the phrase "'the double
of the distanée to'the axis' (¢ Simracto tés uéxpl toh &Eovog)
used for the parameter of the parabola by Archimedes 5), f Iam
right, it meant "the paranmeter! (for all three curves) in early
conics 6, Furthermore, there is one passage in Archimedes which
actually refers to the use of the applied rectangle in the case of
the hyperbola 7). It is true that Heiberg considers this an interpo=
lation, and hie may well be right, since the passage is diffieult

3 My statemént, "Apollonius™ p.18L, that the older approzch allewed this
to be done only for the parabola, is simply false.

Y Regelschnitte pp.55-56. His arguments are reproduced, bub dismissed,
by Heath, Apollonius pp.lxxxi-~iv. No+-one seems to have followed
Zeuthern in this.

5 See p.6 n.T. In the case of the pargbola the phrase is ambiguous:

it can refer to elther 22F or 274 in Fig. 11T (see D11 )5 and either

can be plaisibly interpreted as "the distance to the axis!, 72F as

the distance along the axis of the parabola, ZA as the distance along

the surface of the coneé. There 18 gupport for the latter inter—

pretation in the way Diocles draws his Fig.l; see note on-§38;

But consisteney would regquire us to interpret it in the former

way, since nothing else will fit ellipse and hyperbola. I .do not

see how to resglve this dilemms.

Cf. Zeuthen, Kegelsehmitte Ppp.165-66.

T Conotids and Spheroids XXV, Heiberg T p«376422-25.

ON
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tor interpret in a way that makes sense mathematically, but his
argument, that this is an Apollonian céncept, is circular.

Now'if, as [ have argued, the symptomata of the three sections
were defined by the application of areas under the old system of

generation, the applied rectangles for the "section of an obtuse-angled
cone' and the "section of an acute-angled cone'* necessarily "exceeded!

and "'fell short of'' the parameter respectively. Hence the names
"hyperbola and *éllipse! could have bhéen applied to the curves before
Apollonius introduced his new system of generation, and are not
necessarily tied to the latter. It has always been taken for granted
that the hames "parabola’, "Hyperbolal and "ellipse'! were ntroduced
by Apollonius. The reasons are, first, that Pappus says so 8), and
second; that Apollonius, in defining the curves, says '"let it be

called (noAelofw) parabola' ete. 9) Neither argument is conclugive.
Though much better informed than we are about earlier Greek
geometry, Pappus is often careless and sometimes demonstrably

in erroy. The use of narelodw does not necessarily imply that

the term had never been used in this sense béfore, A counterexampleée
s found in the line of Apollonius® text immediately following the
definition of the parabola referred to above: Apollonius says, let 67
(the parameter) be called nap” ‘v sdvavtol ete. , a phrase, which,
as we have seen (p. 9}, is already found in Archimedes. It is at

least conceivable, then, that the “area application™ nomenclatiure

for the sections was coined before Apollonius, and was oneé of &
number.of competing systems in use at the time Diocles wrote hig
treatise 10). In that case it was canonized, rather than created,

by Apollonius. We might even conjécture that only the terms "hyper-
bola' and "ellipse! were originally coined, and that the less obvious
"parabola! was devised by analogy later, perhaps by Apollonius
himself {it is less obviously appropriate because there is an Uappli-
cation',  tapaBoirt, in all three cases). Though disinclined to accept
such an ad hoe hypothesis, I consider it possible that the area

8. Collection, Hultsch p.674,5~T. & similar distinction between the
old and new nomenclatures is made by Eutoelis in Wis commentary
on the Conies (Heiberg IT pp.168~Th), allegedly drawing on Geniinug .
But: Butociug does not explicitly attribute the terms "parabols!
ete. to Apollonius. His explanations of why thiey are so celled
(1bid. 17274) are notoricusly absurd,

9. E.g. Conies 111, Heiberg p. k2,71,

10 For the ellipse vwe -also find the term Supeds (shield) at an early
period, e.g. Proclus, Comm. on Bueclid I, Friedlein §.196,193 &fy
Euelid, Phasnonena, Menge p.6,7.
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application™ nomenclature for the sections; as well ag the procedure
it implies; long precede Apollonius, The fact that Archimedes lises
the older nomenclature is no proof that the other did not exist in his
time: it merely shows that it had not yet ousted its predecessor.

But however one answers the questions raised by the new evidence
difficulties remain. ‘

The other anomalous feature of Prop. 8, the use of the symptoma
of the ellipse in obligue conjugation, is less difficult to explain. It
ig obvious to anyone who reads Archimedes carefully that he was
fully aware that the defining symptomata of the sections (in orthogonal
conjugation) had their analogies in oblique conjugation 11), 1have no
doubt that this too was part of "the elements of conics'. Apellonius!
contribution was not to discover the properties in oblique conjugation,
but to introduce them immediately as defining properties by the
greater generality of his method of generationl2 .

(1) The foeus of the parubola. In Bk.IIL Props. 45-52 of the
Conics Apollonius deals with certain properties of the foci 13) of
ellipse and hyperbola. It has long been a puzzle why he never
mentions the focus of the parabola. Some have concluded that he
was simply unaware of its existence 14), but all who have read the
Conics with any care dagree that he must have known of it 15),

Before the discoveryof the present treatise,, the earliest surviving
examples of the use of the foecal property of the parabola (. e
reflection of parallel rays to the focus) were from late anti-
quity, the Bobbio Mathematical Fragment and Anthemius (sixth
century A.D: y16), Now, however, we know that that property was

11 For some evidence see my note on §170; see further Dijksterhuis,
Avchimedes pp.66 n.1, 1063 Toomer, "Apollonius" p.186.

12 Exactly as he Wimself says, Contes I Introduction: (Heiberg p.l,i-4):
"Book I contéinsg...the basic symptomata [of the sections] worked
out more fully and generally than in the writings of others".

13 The term "focus' for these points was introduced by Kepler in his

"\ work of 1604, Ad Vitellionenm Pavalipomend IV W, Werke 2 p.97. T know
of no ancient or medieval ‘term. Apollonius:refers to them vaguely
gs Mthe polnts arising from the application' (td ¥ thc topsBorfic
yeundévre onieto); e.g. Heiberg p.lok,10=12.

14 Beg. Cantor, Vorlesungen T 1.339 (mére csuticusly ibid. p.34k).

15 EB.g. Zéuthen, Kegelschnitte pp.367+73. Neugebaver, "Apollonius-
Studien™ pp.236-42, attempts to stow how thé focus of thé parsvole
and the focal property could be derived in.a way analogous to
Apollonius® procedure for the foei of ellipse and hyperbola.

16 Helverg, Mathematici Graeci Minores pp.85-86,87-88. A paraphrase of
the Bobbio version is given in Appendix B{i). An inaccurate English

translation of both works. wag publighed by Huxley, Anthemius of Tralles.
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recognized long before Apollonius, since Diocles informs us that
the problem of constructing a burning=mirror which makes all

the rays meet in one point was solved by Dositheus 17), i, e. in the
mid-third century. Urifortunately it is unclear from the Arabic text
precisely what Dositheus did, and Diocles seems to imply that

no one before himself had given a formal geometric proof of the
focal property of the parabola. But at the very least Dositheus

must have enunciated that property. Thus we c¢an be sure that
Apollonius was well aware of it; and though we still do not know
why he omitted all mention of the focus of the parabola in his Conies,
we know that he did it deliberately. The reason may well be that

he had already discussed the subject in another work. I suggested
("Apollonius* p. 187) that he did so in the work On the Burning~Mivrop
(wepl 1ol nuplou) ascribed to him in the Bobbio Mathematieal
Fragment 18), T now believe, however, that the author of the fragment
ig referring to none other than the present work of Diocles; which
he mistakenlyattributes to Apollonius (see p. 20). Zeuthen suggested
that Apollonius treated the subject in his lost work Tangencieslg).
Another possibility is that he knew the treatment by Dioc¢les and did
not wish to repeat it.

We now know, too, that Anthemius' statement that "the ancients!
indeed constructed burning-mirrors, but gave no geometrical proofs
for their construction20), is worthless, like much else in his
treatise. I omit mention of modern discussions of this point,; since
the present publication makes them obsolete; I merely note that
the moreperceptive 21) correctly inferred from the passage of
al- Akfani translated by Wiedemann {see.p. 21) that Diocles gave
a mathematical treatment of at least the parabolic burning-mirror.

(i71) Comstruction of the pavabola from focus and divectriw.
In Prop. 4 Dioecles solves the problem "to construct a burning=mirror
of given focal length'" by a method which is essentially drawing a
parabola by means of focus and directrix: In Prop. 10 he uses the
same method to construct two parabolas. In previcusly extant Greek

17  §6. See note ad lTog. on this man.

18 Mathematici Grasei Minores p.88,8-12. €f. Zeuthen; Kegelsehnitte
pp.378-79, for & simildy conclusion.

19 Kegelsehmitte p=3T1 nels On this work see Heath, HGM IT pp.181~85.

20  Mathematici Graeci Minores p.85,11=16. Anthemius® own treatise could
be cribicized on much the same grounds.

2y E.g. Heath, HGM IT p.20%1;

16

Foeus~directris construction

literature such a construction was found only in Anthemius 22),
However, Papplus proves that, given a straight line AB and a fixed
point G; the locus of 4 peint D moving such that the ratio of its
distance from G and its vertical distance from AB is constant will
be a conic, and will be a parabola if the ratio is equal to 1, an
ellipse if less than 1, and a hyperbola if greater than 1 23), Thus
the generation of all three sections from focus and directrix was
known. in the fourth century A.D., and probably much earlier. Indeed,
since Pappus gives this theorem as a lemma to BEuclid's Surface Locti,
it has even been argued that Buclid stated it without proof,. and that
therefore it must have been proved earlier, e.g. by Aristaeus 24),
Since we know virtually nothing about BEuclid's Surface Loct; this
was always a very dubious inference, and it is now; I believe;
definitely disproved by the present work. For Diocles; having used
the meéthod to draw a parabola in Prop.4, finds it nécessary in
Prop. 5 to prove that the curve so drawn is indeed a parabola; i.e.
that it has the defining symptoma of the parabola. He would not

have done thig if the focus-directrix property had been a well=known
theorem, established a century earlier 25), We can, then, attribute
to Diocles the discovery of the focus~directrix property for the
parabola. The extension to all three sections must belong to a later
time. I am sure that it was an achievement of the Hellenistic period
and not original with Pappus. An obvicus candidate is Apollonius,
inn one of his lost works on Toci, but this is merest conjecture. X

22 Mathematici Graest Minores pp.85,19 to 87, 3. The work, &s we have
it, breasks off at this point, so it is inpossible Lo say whether

Arthemius ever proved that the points he comstructs lie on a parabola.

His construction (which is clumsy compared with Diocles® elegant
method) does indeed imply the foeus-directrix propertyy but whether
Anthemius was really sware of that.property seems dublcus to me.

23 Pappus, Collection VIL 312-18, Hultsch pp.100k-1b: For the formu-
lation. see especially p.1012, 24 to 107h, 2.

2k Heath, HOM I p.119. More cautiously Zeuthen, Kegelschnitte p.370
I regret my approval, "Apollonius" p.187.

25 Contrast his use without proof of theorems in conics which vere
indeed well established, notes om §§40, L1,
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Influence of Diocles in. antiquity
5. Influence of On Burning Mirvors

There is no reference to Diocles; nor any trace of influence of his
work 1}, in surviving Greek literature until very late antiquity. In
particular; there is nothing in Pappus’ Collection, the source of most
of our knowledge about lost Greek miathematical works, to indicate
that he knew On Burning Mirrors. It was perhaps mere chance that a
copy of the work survived and came into the hands of Hutoecius

(?at Alexandria)?2). His extensive quotations from it in his comrmien-
tary on Archimedes' Sphere and Cylinder were the only source of
knowledge of it in the West until the discovery of the Arabic trans-
lation. Eutocius gives the substarice of Props. 7-8, 10 and 11-133),
Unfortunately, except it Prop.7. he does not quote Diocles direectly,
but reformulates his proofs to conform to the scholastié¢ norms of
his own time (essentially "Euclidean" and Apollonian). This has led
to serious misconcéeptions about Diocles and his work 4).

There is no real evidence that Butocius' friend; Anthemius of
Tralles; knew Diocles' work, despite the similarity in content of
some-of his On Paradoxical Devices. But I believe that on Burming
Mirrors was probably known to the author of ancther work from
about the same time, the "Bobbio Mathematical Fragment'', This

1 With the exception of the extremely hypothetical influence on
Apollonivg suggested p.16. .

2 We do not know where Eutocius worked. He dedicated his commentary
on Archimedes to a philosophier Ammonius (Heiberg III p2,16), who
is probably the well-known man, son of the Hermias who was g fellow-
student of Proclus. Since Ammonius taught at Alexandria, it is likely
that Eutociug was there for at least part of his life. See Tannery,
"Butocius", who argues convincingly that Eutocius® working career
belongs-to the early. sixth century. This i& confirmed by & horogcope
for October 28; 497 which is said (in one manuseript) to be from
Eutocius® astrological work. See Neugebauer-Van Hoesen no.l Lo,
Pp.152=57, 188+89. T think it not unlikely that this is in fact
Eutocius’ owy horoscope. From & mention of & discussion by Eutocius
on Aristotelian logic in & commeéntary by Eliss to the . DPrior
Analytice, Westerink ("Elias™ pp.129-31) -drew the conclusicn Ehat
Eutocius occupied the "chalr of philosophy" at Alexandria bebween
Ammoriius {d.ca.520). and Olympiodorus. This conjecture remains
unconfirmed,

3 To facilitate comparison with Diocles® téxt T give text and transs
lation of Eutoeius’ excerpts in Appendix A.

b gSee e.g. p.1 (Diccles® date) and notes on §5186-207,219, Since
Eutocius excerpted Prop.10 without giving the author’s. name,. it has
been mistaken for a proof by Menaechmus in modern times.
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work has survived in the manuscript Milan, Ambrosian 1.99 sup.
{riow SP II 65), which is a late-eighth century codex of Isidore's
Etymologies, formerly in the library of the famous monastery of St.
Columban at Bobbio. Some sixteen leaves of this are palimpsest. The
underlying script is in Greek capitals of the late antiquity (seventh or
possibly sixth century). All the palimpsest leaves are from works
of mathematical content; including some fragments of Ptolemy's
Analemma, otherwise known only in William of Moerbeke's Liatin
translation from the Greek®), They also contain parts of an otherwise
unknown mathematical treatise, commonly called the "Bobbio
Mathematical Fragment’ 6), Most of what can be deciphered of
this is on a single corresponding pair of leaves (pp.118-14, 123-4),
which for some reason was never written over ). I have examined
the manuscript myself. The palimpsest pages are all discolored
to a dark brown, evidently through the application of chemicals some
time ago (I suspect by Angélo Mai, the discoverer of so many
palimpsests, who first published somie of this text 8)). Although no
ultraviolet lamp was available at the Ambrosian when I was there,
I doubt very much if anyone would be able t0 recover, with modern
aids; more of the text than Heiberg was able to read eighty years
ago. In fact the chemical damage has now made much of what he
deciphered of the Analemma illegible, Heiberg's text of the mathe-
matical fragment, published in his Mathematict Graeci Minores
pp. 8¢=92; is accurate except in some unimportant detdils.

There have been a number of conjectures about the authorship
of this piece. Cantor's absurd suggestion that it was Diocles 9) is
disproved, if there were anyneed; by the present publication. Heiberg
suggested that the author was Anthemius, and that the fragment was
simply another part of hisOn Paradoxical Devices (of which only & part

5 Heiberg printed what he could read in his edition of the Adnalemna,
Ptolemy, Opera Minora pp.19k-216.

& For a bibliography of editions and studies of this see Huxley,
Anthemius Pp.31-32. On the manuscript see also Lowe, CLA TIT p.26
no.«353: s

T For g facsimile of these two pages see Belger, Hemies 16 (opposite
p.112). A facsimile of p.12L was published by Mai (see next note)
and reproduced by Wattenbach, Speeiminag PL.VILL.

& In his Ulphilae pavtiun imeditarwn Sp.cimen, Milan, 1819 (non viqi).
I find that Belger and Heiberg also came to the same conclusion
about Mai (Belger, Hermes 16 p.26ky Heiverg, "Ptolembus de. Anelemmate!
pwls "Angelo Mai hat mit seiner Gallépfeltinctur grossen Sehaden
angerichtety sie ist Jetzt dunkelbraun geworden™).

9 "Uber das Fragentum Bobiense" p.6k
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survives in Greek) 10}, It is true that the bombastic style and mathe-
matical ineptitude of the Bobbio fragment would be well suited to
Anthemius. Nevertheless we can be sure that it is not part of
"On Paradoxical Devices'. For that work was translated into
Arabic in its entirety; and is frequently referred to in Islamic
sources. I know of no manuscript of the original translation, but
there does exist a "revision! of it by ‘Utarid b. Muhammad ( ?early
10th century) 11), ‘Utarid had two: copies of the translation of
Anthemius’ work, and, being unable to understand them, under=~
took te Memend" it into an intelligible treatise. Since he was an
even greater-fool than his source, the results are ludicrous,
. However, behind them oneé can discern the outlines of Anthemiug’
treatise; and it is clear that it contained nothing corresponding
to the Bobbio fragment. We can also discern some of Anthemius!
work, but nothing of the Bobbio fragment, in al=Kindi's On Rays 12),
Nevertheless; language and style force us to attribute the Bobbio
fragment to the late antiquity {(the script of the manuscript forbids
a date more recént than the severth century). =
Now the author; in speaking of sphierical burning-mirrors,
says: "Now the ancients thought that burning took place about the
center of the mirror; but Apollonius proved that this was false, very
property [ illegible | (?) against the writers on catoptrics, and made
clear about what place the burning would occur in his work On the
Burning Mivrop",13) He goes on to say that Apollonius® proof is too
Iong, and he will provide another. Now the phrage about “the ancients!
repeats what Diocles says (§12); and the description of what Apollo=
nius did exactly fits.Diocles' achievement in Props. 2 and 3. Rather
than supposing that Apollonius went over exactly the same ground
as Diocles {or vice versa), I consider it highly probable that the
author had the work of Diocles in his hands, and misattributed if
to Apollonius {there is no other evidence for a work of this title by
Apollonius). This hypothesis would also explain some other pecu~
liarities in the fragment. The author uses the expression "section
of a right~angled cone" {(as well ag "parabola™). He also uses "mixed"

10 Heibergy Zum Fragmentum mathematicwn Bobiense, pp. 128=29. He is
folloved by Huxley, Anthemius:.pp.29,32=33,

11 Istapbuly Laleld 2759, 1Y=207, "Kitib ‘amali >l-marays =muhriga.
On the author see Suter no. 150 p.67.

te A facsimile of part of this text has been published by Haschnmi.,
Propagations of Ray. It would require closer study than I have given
It to determine its relationship to Anthemiug.

13 Mathematiei Graeei Minorés p.88,8-12,
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angles (between & curve dnd & straight line), Both these archaic
(and un~Apollonian) features could have been borrowed from
Diocles 14), It is true that the proof of the focal property of the
parabola given iu the fragment 13) differs significantly from

Diocles!'. But I do not exclude the possibility that the author had

access to other clder works, nor even that he wag capable of (muddled)

independent reasoning; In any case, if he diduse Diocles® treatise,

this would be confirmation that it was circulating in late antiquity.
Further confirmation is provided by the fact that it was trans-

lated into Arabic, Generally speaking; ‘the translation of a Greek

work into Arabic indicates that it wag available, and probably still

being read; in the higheér schools (especially at Alexandria and

Athens) in late antiquity. We have no internal or external evidence

about the translator. I can say only that he was obviously thoroughly
familiar with standard mathematical terminology, both Greek and
Arabic 16), If forced to hazard a guessy I would suggest Qusta b. Liuga,
because of his wide expérience as a translator and his known interest
in burning=mirrors. But to make this more than an empty conjecture
would require a careful and detailed stylistic comparison with known
translations of Qusta, which I have not undertaken.

Similarly, lack of investigation of the quite considerable sur-
viving Arabic literature on burning=mirrors 17) prevents me from
saying much about the influence of Dioclest work in the Islamic
mathematical tradition. The only explicit reference to it that I know
s in the fourteenth-century éncyclopedic work of Muhammad b.
Ibrahim b. $a‘d al-Akfanl 18), in a passage to which Wiedemann drew
attention long ago 19): "The ancients used to make these mirrors

[i. e burning-mirrors] out of plane suvfaces, but some of them made

them concave, until Diocles 20} appeared and proved that when their
surfaces are curved in the shape of the parabola, they are of enormous
power in burning. "

h See §58 and 81, with notes ad loc.

15 “Bee Appendix B(i) for a paraphrase of this proof.

16 This was by no mesns alvays true. For instance, one can infer from
the work of <Utirid (see p.20) that the Arabic translation of
Anthemius contained some very strange terminology.

1T Wiedemann assembled some biblicgraphical material on this tepic
(Aufsctze pPp+119=20), which is now out of date.

18 Sprenger, Two works on Arabic Biblicgraphy vp.14=99. The passage
referring to Diccles is on p.82, 1215

19 In his Beftrdge zur Geschichte der Naturvissenschaften ¥ (1905), now
conveniently reprinted in his Aufsdtze, I pp.119-20.

20 "ayuris", Calcuttas text. Corrected by Wiedemann.
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Nevertheless, examination of the only Islamic work on the
subject available in a modern edition and translation2l), the treatise
of ibn al~Haytham on the parabolic burning-mirror, leads me fo believe
that the author was well acquainted with Diocles! work. Ibn al-Haytham
opens with. a historical discussion. He says that the ancients
(al=mutagaddimun) investigated the subject of burning-mirrors.
Some constructed them by combining a number of plane or spherical
mirrors, These included '"Archimedes, Anthemius and others' 22),
Then they (the ancients) discovered the parabolic burning-mirror,
but the proofs they gave were unsatisfactory. Ibn al-Haytham
proposes to remedy this, which he does by giving a pedantically
correct series of proofs in the best Greek scholastic manner
(using analysis and synthesis, and enumerating every possible
case) of the focal property of the parabola. Ibn sl-Haytham, themn,
knew of a Greek work which treated the parabolic mirror mathe=
matically, but gave "unsatisfactory' proofs. Thig would exactly
describe Prop. 1 of Dioecles, which, for one trained in Apollonian
conicsy is highly unsatisfactory, since it ugses without proof a
theorem which is not eveén in Apollonius' Conies (gsee note on §41),

It could also, however; be taken to refer to Anthemius! miserable
treatment of the parabolic mirror (gee p. L7); What inclines me

to the view that ibn al=Haytham is thinking of Dioeles is that iti his
own proof of the focal property his basic theorem is Buelid 1T § 23),
which ig used by Diocles (Prop. 5) to proveé that the curve generated
from focus and directrix is indeed a parabola (seé note on §118).

It is possible that ibn al-Haytham hit on this approach independently,
but on balance it seems likely that he was inspired by Diocles 24)

If this is true, Diocles had considerable indirect influence on both

21 Most easily in Wiedemsann’s translation (Heiberg and Wiedemann,
"Ibn al Haitam" pp.205-18). This work was translated inte Latin
in thHe niddle ages (lLatin text ibid. pp.218-31), and this trans=
lation was the main sSource of discussions of the parabolic burming=
mirvor in medieval Latin optical works. The Arabic text was printed
as the third treatise in ibn al~Haytham™s Meimi® al-rasa’Zl

22 I infer that ibn al-Haytham knew the work of Anthemius (gee p.go)
énd took from it the reference to Archimedes (Mathematici Graect
Minores: pe85,7=9)

23 BSee my paraphrase of ibh al-Haytham’s proof, Appendix B(ii).

2k Ton sal-~Haytham’s work on the spherical burning=mirror, however,
containg nothing which can be directly related to Diocles?® trestment
of this topic. This work is printed as the fourth treatise in ibna
al-Hoytham’s Magmiz¢ al-vasa %il. A German translation was published
by Wiedemsann, Bibliotheca Mathematica %, pp.293-307.
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Islamic and medieval Latin discussions of the parabolic burning-
mirror.

Diocles was also known to Islamic authors through the inter-
mediary Eutocius, whose commentary on Archimedes' Sphere and
Cylinder IT was translated into Avabic. This translation is extant
in the manuscript Escurial 960 (Casiri 955), 22V=42Y. It contains
Butocius® extracts from a series of earlier authors (Philon, Heron,
Diocles, Menaechmus, ete.) on the problem of doubling the cube:
Unfortunately Casiri listed all these extraets in his catalogue as if
they were Separate works 25), which hag led to considerable mis-
understanding and confusion in modern bibliographical references:
Most moderi staterments about the existence of an Arabie translation
of Diocles' treatise can be traced back to Casiri's erroneous des-
cription. The truth was perceived by Heiberg 26), put the error
continues to be repeated, References to Diocles' On Burning
Miryors: in Islamic texts too are sometimes derived from Eutocius.
Thus in an extract from the 7id al# Safa thof AbU Ja*far al-Khazin
(10th century) on the problem of doubling the cube the author says:
"What Diocles 27} said about that in his book on burning mirrors",
and proceeds to give the sclution by means of the cissoid in aversion
obviously taken from Eutocius rather than from the oviginal 28),

Although I cannot trace any connection with Diocles, I should
mention that the problem of Prop.4 of On Burning Mirrovs, to:con=
struct 4 parabolic mirror with given focal distance, wasg golved by
Abu’1-Wafa) (on whom see pp.29+30) in a most ingeniouswayin his book
On. Geometrieal Constriuction. The Arabic text has never been publlshed
but three modern versions of it have been prmtedzg}

The work of Diccles became known in western Europe only
through the extracts given by Eutocius. This meant that it was
génerally unknown until the publication of the editio princeps of
Archimedes (with Eutocius' commentaries) by Venatorius at Basel

25 Casivri, Bibliothesa Bscurtalensis T p.382. Correctly deseribed in the
recent catalogue of Derenbourg- Renaudﬁ P95

26 "Zum fragmentum Bobiense" p.128 n.*

o7 Corvipted. to "nrfly' in ns. Deiden Or. 1k L296F, which is my scuree
for the work of sl-Khzin; on whom see Suter no.l2l.

28 Por another fragment of the “Arabic translatlon of Butocius See
Woepcke, &mu’AZkhayyaml pexiil m. :

29 By Woepcke, "Aboll Waff' pp.325-26 (Prench translation from & Persian
abridement); by Krasnova, "Abu-1-Vafa" pp.69-70 (Russian translstion
from the nms. Istanbul, Aya Sofya 2753)% and by A.Kubesov, Al-Farabi
pp. T04=06 {Russian translation from the ms. Uppsala, -Tornberg 324,
where the work 18 attributed to sl=Farabi).
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in 1544, The mathematicans of the late sixteenth and seventeenth
centuries devoted much attention, rot only to Archimedes; but also
to that section of Eutocius' commentary in which he digcusses curves
usged by earlier geometers to solve the problem of doubling the cube.
Among these was the cissoid of Diocles. In the seventeenth century
the infinite branch of this curve was revealed,; and many beautiful
properties were discovered by Roberval, Huygens and Newton;
among others. For the details'of these, and a discussion of the
mathematical properties of the cigsoid in modern terms, I merely
refer to the excellent treatments by Gomes Teixeira and Loria 30),
However; I will mention one problem which has never been adequately
discussed, the origin of the name "cissoid! as applied to Diocles' curve.
iCigsoid" is simply a transcription of the Greek uLGOOELENG,
which means "ivy-shaped"'. The term is applied by Pappus 31) and
Proclus 32) 1o a curve or clags of curves. The pasgages in Pappus
tell us very little, except that they suggest that the name was given
to a ¢lasg of curves rather than a single curve, From Proclus we
learn that it was a closed curve33), and that it ‘was so named because
it came to a point like an ivy-leaf, and thus made an angle with it=
gelf. Now the c¢issoid (in the modern serse) does indeed have a
singular pointy if in Fig, 13 (p. 100) we draw the branch D corres-
ponding to Z8, the curve comes to a point and makes an angle with
jtself at ©. But the curve ig in no sense a closed curve. It has been
suggested 35) that the top half of the generating circle (DHZ in Fig, 13)
was counted as part of the curve,; the combined figure resembling
an ivy leaf. I find this incredible. It ig certainly mathematically
absurd. We now knowthat Diocleg himself did not ¢all the curve
Heissoid!t, More significantly, neither does Eutocius; although the
name was already used by Geminus (first century A.D.); according
to Proclus. Itherefore consider it in the highest degree unlikely that
the name “cigsoid" was ever applied in antiquity to Diccles' curve.
Nevertheless, it is always so named from the early seventeenth
century on, with hardly an indication that the nomenclature rests
on a modern conjecture 36),

30 Gomes Teixeirs I pp.1=26% Lorisa, Spezielle Kurven I pp.36-51.

31 (ollection 1T 20 and IV 58, Hultsch I p.Sky 21 gnd p.270, 27=28.

32 Comm. in Fuclid: (see referenceés inm Friedlein’s index, p.U475)-

3 Ibide p.152, =9, cfalit, S5=64- 187, 19=21,

3Lk Ivid. p.126, 2k=06. i

S E.g. Loria, Spezielle kurven p.3T.

36 Loria (ibid.) recognizes that the identification is hypothetical,
but considers it highly probables Only Tannery, "La Cissoide" pp.hi3=il
expresses some skepticism, and suggeésts that the ancient "cissoid”
may rather have Deen an épicycloid or hypoeyeloid.
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It is of some interest in the history of mathematics to answer
the question, who was responsible for the identification of Diocles!
curve and the name "cissoid!. The identification was by no means
trivial, since it required informed reading of both Eutocius and
Proclus. I regret to say that I am unable to provide the answer:
When the name “eissoid" for the curve first appedars (in the seven-
teenth century, to the best of my knowledge), the identification is
simply taken for granted. The earliest certain example known to
me is in a letter of Roberval written to Fermat in August of 1640:
"J'avois fait la méme chose en la cissoide" ete. 37). The context
ensures that he is referring to the curve of Diocles. Probably
slightly earlier is a reference by Fermat himself in his "Methodus
ad disquirendam maximam et minimam's "angens cissoidis cujus
Diocles traditur inventor' 38), It is highly likely that Descartes is
referring to Diocles! curve even earlier, in his Géométrie published
in 1637: "bienqu'ils ayent aprés examing la Conchoide; la Cissoide" 39),
but since he does not further characterize the curve, the identification
is not absolutely secure. Huygens, Newton and others later in the
céntury always c¢all the curve Veigsoid! without further justification.

T have gearched in vain (but far from exhaustively} in mathe-
matical works of the late sixteenth and early séventeenth centuries
for the origin of this nomenelature. It is possible that Fermat
himself made the identifications he was certainly well enough read
inn Greek mathematics to have done so. But if he did, he never made
it explicit in any.of his published works. The identification could
have been made at any time after the publication of Eutociug in 1544
(the first printing of Proclus' commentary took place earlier, as
part of the edition of Euclid published by Hervagius at Basel in
1533), But examination of the writings of sixteenth~century authors
who are known to have been familiar with both works, such as
Commandino and Pierre de la Ramée (or rather such of their

~writings ag I have had access to) has proved fruitless. I must leave

the problem to those who are better acquainted with the mathermadtical
literature of that p6r10d40),

3T Fermat, Oeuvres II p:201.

38 Ibids I pe159,. This was not printed until the publication of Fermst’s
Varia Opera 1679, but according to the editors of Oeuvres was sent
to Descartes ca. 1638. :

39 Descartes, Géomstrie p.317 (Smith and Latham p.hs).

L0 The Pirst occurrence of the word (not, however, applied to Diceles’

curve) outgide Greek is, as far as I krow, in the Latin translation
of Proclus {1560) by Barorzzi (Barocius), p.72: "Cum autem Cissoides,
hoc e€st Haedere similis Linea" ete.
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6. Manuséripts and Text of On Burning Mirrors

There is a summary description of the manuscript in the Shrine
Library, Meshhed, which is the sole basis of the present text, by
Golchin-Ma‘ani, Fihrist pp.344-50. The following supplements and
occasionally corrécts that.

The manuscript is now divided into two parts, numbered 392
(old no. 5593) and 393 (old no. 5521). Golchin-Ma‘ani explicitly states
that they were originally a single manuscriptkl), and it is obvious
from the identity of script and format that this was so. Something
of the history of the manuscript can be gathered from the page
‘which was originally the last one in the manuscript, but which is
now stuck in as p:. L of no. 393(see p.114)2), The scribe of the manus-
cript dates its completion in the year A.H. 867 (= A.D: 1462/3) 3),

In the seventeenth century the manuscript was in the library of the
Mughal emperors. At the top of the page is a large seal-of Shah
Jahan. In the lower half are a number of certifications in Persian,
each accompanied by a geal (?of the inmiperial librarian); some
stating that the manuscript was inspected ("<ard dide $od") and all
giving a date. The earliest of these is dated in the Ilahl Era4),
year 94 (= A.D. 1649/50) 5), which indeed falls within the reign of
Shah Jahan. The others are all dated by the Hijra Era: 1087, 10
Du ’l-Qa‘da(= A.D. 1877, January 14); 1090 (= 1679/80); 1092

(= 1681/2): 1094 (= 1682/3) and finally 1107, 10 Jumada II (= 1696,
January 16)6), These all belong to the reign of Aurangzeb. By the

1 . Golehin-Matani, Pihrist p:350 n. .

This history is summarized by Golchin-Ma’ani, ibid. :

3 "rI tadrik sana sabfa wa~sittIna wa-tamanmi’a!'. It is possible that
& more precise date is indicated in the preceding two lines:
"wagata 21-farag Can tabriri  l-nuskati  Ismubdraki bi-<awni >1lahi
tacgld wa~husni tawflgibi yewm 7 wagt al-zukir’, "the reledse from
the writing of the blessed copy occurred, with the help of God on
high ‘and the good success he granted, on the day of 7 , &t the
time of midday- prayer". The enigmatic word after "yawm" may designate
one of the "named" days of the year, but T have failed to find
any which reseiible it. If one emended it to "al-ahad" it would mean

N

"Sunday'™; which 18 possible even though 1t would not give a unigue date.

L On this era, used for a short time in the Mughal empire between
the Teigns . of Akbar and -Shah' Jah@n, see Sirvear, Indian Epigraphy
¥p::306=07 .

5 I dubicibly read. "5 Shahrivar" ("Shahrivar" also Golchin-Ma<ani,
Fihrist p.350:1.1), which would correspond spproximately to A.D. 1649,
Avgust 27.

6 The. last is not accompanied by a sedl, but otherwise appears o
belong to the same series.
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later nineteenth century the manuseript had migrated to Meshhed,
for there are two annotaiions, dated 14 Sawwal 1270 and Sawwal

1273 (= 1854 July 10 and 1857 May/June}, linking it to the library

of the Fadiliyya Madrasa in the city. Thence it came to the Shrine
Library, with the other books in the Fadiliyya Madrasa, in recent
years 7). 1t is an attractive but unprovable conjecture (suggested to
me by W.O. Beeman) that the manuscript came to Meshhed as part of
the immense booty which Nadir Shih brought back from Delhi after
his-victory over the Mughals in 1739 8),

The manuseript is all written in the samie hand, a careless
nasta‘ligq. Diacritical points occur infrequently; and where they do -
oceur are often wrong. Geometrical figures are omitted throughout,
but usually a blank space is left where they should have been inserted
(see e.g. p. 120). In those parts of the manuscript which I have examined
carefully there are many omissions and corruptions (particularly in
letters denoting geométrical points). It is obvious that the scribe
did not understand much of what he was copying. The manuscript
containg at present 154426 written pages (in nos. 392 and 393 respec-
tively; the written pages in no. 392 areé numbered 1-156; but pp. 134-35
are blank). Most pages have 27 linés, the size of the written part being
approximately 16.5 % 8.5 cm. 9) 1t consists now of fourteen mathe-
matical treatises (as detailed below), but must once have contained
more, since the original final page (now p. 1 of no.393) contains the
end of a treatise not now in the manuscript. The contents are as

follows.

1. No. 392 pp.1-31. Qustd b. Liiqd (ca. 820~ca..912; Suter no. 77,
GAL 12, 222.23, S1365-66),; VBook on the reasons for the variations
in-appearance which occur in mirrors' (Kitab f1 “ilal ma. ya‘ridu min
iktilafi *1-mangzir). This optical work; in 33 chapters; is not in the
long list of Qustats writings given by ibn Abl Usaybifa I pp. 244-45

7 Since 1930, when Ukta>I published a catalogue . of the Fadiliyyas
Library (Fihrist~7 kutub—i kitabkh@na~t Madrase~i Fadiliyya; ton vidi).
According to Golehin-Ma‘ani, Ll.c¢., the manuscript is deseribed
{already in two parts) in this catslogue of Ukta’l. My authority
for the transfer of the Fadiliyys library to the Shrizie Library is
Afshar, Bibliographie p.28 1n0.86.

8 See e.g. Dattd, Libraries of India ps15,; for Nadir Shah’s. removal of
nantsceripts from the Imperial Library. Nadir Shah was a great
benefactor of the Shrine Library: sée Golehin~Matani, Filrist
index p.527 s.v. "Nadir Shah Afshar" for references to books he gave
to the 1library. T cannot say whether he made similar benefactions
to the Fagiliyya Madrasa.

9 Golehin~Ma®and, Fehrist pi350.

27



Deseription of mamiscript

(it is not to be identified with the work "On Burning-Mirrors',
Kitab 1 ’I=maraya 1-muhriga), and this copy appears to be unique.

2. pp.32-35. "Treatise of Didymus on the construction of the
mirror by means of which Archimedes burned the ships of the enemy"
(Magala Didimus {1 sanfati *I-miira?ati *1lat ahraga bi~ha Arbimidis
marakib al-‘add), Though attributéd to an author with the good Greek
name of AtBupocl0), this is surely a pseudepigraphic Islamic work.
The author explainis that the army of Persia (Iringahr) was besieging
the town of Archimedes; which was Cos {(Qu)» by ship from the
direction of Samos, It ig inconceivable that a Greek of any period
could have been so ignorant of the historical facts. The treatise
is mathematically absurd, foo. It is otherwise extant only in Chester
Beatty 5255, 27V-32T, which is presumably a direct copy of the
Meshhed manuscript, like the treatise of Diocles immediately
preceding it {gee p; 31).

3. pp. 36=39, Abu’l-Futuh Ahmad b. Miuhammad (?)al-Bagnawl
(Suter no. 287, GAL 8 1I857), "On the construction of an equi=
lateral triangle within (another) equilateral triangle such that
the ratio between them be any given ratio not léss than one to four!
(FT ‘amal mutallati mutasawi *l~adla® fi dakil mutaliati mutasawi
‘l-adla‘ lahu nisba ilayhi mafruda ayyu nisba kanat min al-nisab
(al-nisba ms. }.allati laysat adalla min aisbati *1-rabi¢). The same
treatise is in Coliumbia Or. 45 no. 16 (Awad p. 263) and L.eiden Or. 14
pp. 242-45 (Handlist p. 431). On the author see also no. T-below dand
Kunitzsch, Der Almagest, which contains an extensive analysis of hisg
work on the reasons for the errors in the Almggest star catglogue.

4. pp.39-45. "A number-of questions of ibn Kibna 11) in refutation
of passages in the book 'al-Kafl" of al-Karajl" (‘Idda masd?il li=ibn
Kigna {1 *l-raddi ‘4ld mawadi‘in min kitabi >1-Kafl 1i1~-Karaji). Consists
of a number of extracts from the well=known arithmetical work of
al-Karaji (tri Hochheim, Halle 1878-80; cf. GAS V. pp..328; 403),
each followed by the author's remarks on it. The author is the same
as in no. 14 below (Suter no. 207)., No other-copy is knowh to me.

5. pp.46-48 (anonymous). "“Another way of performing the last
proposition of the fifteenth book of the Elements (al-séklu ’1-akir min
al-maqalati’l-kamisa ‘afr min kitabi >1-Usll %913 wad® akar). The
proposition in question; the last of [Euclid] Elements XV., is "o
inscribe a dodecahedron into. a given icosahedron',

10 There exists & late Greek metrologileal. treatise under the name of
Didymus of Alexandria, printed in Heilberg, Mathematici Graéet Minoves
op.i-22.

11 1 learn from Russell, Natural History of Aleppo T p.Th, that “"kishna!
e the plant "small veteh™ (vieia).
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6. pp.48-81. Tabit b. Qurra, "Book on the area of the section
of the cone which is called the parabola't (Kitdb f1 misaha gat‘i
1-makruti 2lladi summiya *1=mukafl). This treatise of the famous
ninth-century mathematican also exists in Paris 2457, 25° (GAL 2
243 no. 14), from which it was translated by Suter,; "Ausmessung der
Parabel™, If ig also in Istanbul, Aya Sofya 4832, 3°, 26V=36Y (Krause
p. 455 no. 10). For otlier mgs. see GAS V pp. 269, 402.

7. pp.81~92. Ahmad b. Muhamad b. (?)al-Sura, "Treatise
éxplaining what mistake was made by AbU Nasgr al-Farabi in his
comraentary on the 17th section of the fifth book of the dlmagest, With
a commentary on that section' (Qawl...fi bayan ma wahima fi-hi
Abu Nagr al-Farabi “inda 3arhihi *1-fasli *1-sabi® ‘adr mina
Yl-magilati 2l-k@misa ming *I-majasti wa-sSarh hada >1-fasli). The
author is probably the same as no. 3 above (who is given the name
Ub, al=-Sura" by ibn Abi Usaybi‘a II p. 164). The treatise is not otherwise
krowii, butef. the similar titles and subjects in the list of Abu
I-Futih's works GAL S I 857, nos. 2, 6 and 7. A commentary on the
Almagest by the famous ninth~century philosopher al-Farabl is men=
tioned in Islamic bibliographical works (€. g. ibn al-Qifti p:. 279, 17-18),
but does not appear to be extant. The chapter of the Almagest in
guestion concerns the moon's parallax.

8. pp.92-106. ‘Abd al~Wahid b. Mubammad al=Juzjani (11ith
century; Sutér no, 425, GAL:S'1.828), “Epitome of the arrangement
of the spheres" (Kulds [sic] tarkibi ?1~aflak). The work deals with
the order and arrangement of the heavernly spheres, as described by
Prolemy in his Plaretary Hypotheses (Kitab al-mansurat) and elaborated
by Tabit b. Qurra, al-Fargani, ibn Sina and others. The same work
Lieiden Or, 174, 63V-6TY (Handlist p. 148). The-author is to be identi-
fied with the pupil-of ibn Sind (so Brockelmann), and hence cannot have
lived in the 14th century, (as Suter clainis).

9. pps 106-128, Diocles, "On Burning Mirrorsg". See p. 31.

10. pp. 128=156. Ahrnad b, Katir al-Fargani (9th century, Suter
no. 39), a work on the astrolabe, For other manuscripts of work(s)
by al-Fargani on the astrolabe see GAL 2 2504 S I 393, The intro-
duction-to.one such treatise was translated from ms. Berlin 5790 by
Wiedemann, "Einleitungen” (non vidi).

11:: No. 393.pp. 2=13. Abu I-Wafa? Muhammad b. Muhammad
b. Yahyé al-Buzjani (the famous 10th-century mathematician and
astronomer, Suter no. 167, GASV 321-25), "On the sum and differ-
ence of the sides of squares and cubes" (Fi jam® adlasl ’l=murabba ©at
warl=muka*abat wa~akd tafgduli-hima). The work is not otherwise
known, but its content accords with Abu ’l-Wafa*'s interest in algebra,
attested by the titles of workg attributedto him by the bibliggraphers
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(see Suter and GAS, l.cc:). It is in answer to a question of Abl

Bifr al-Hasan b. Sahl the astronomer (? a descendant of the

famous astrologer Sahl b, Bi¥r), and is addressed to the "Shahanshah
.. al-Mwayyid al-Mansgur' If we identify the latter with the Buwayhid
prince MwPayyid al-dawla Abu Mangsilir, ruler of Isfahan from 976-983,
this would add somiething to our scanty knowledge of AbU *1-Wafa>'s
life.

12. pp.14-17. -(anonymous) "Epitome of a statement made by
Abu ?1-Rayhan in his work o the ratios in volume and weight between
metals and jewels' (Talkiy kaldm dakara-hu Abil *1-Rayhan fi risala
la-hu T nisabi 1-filizzat wa l-jawdhie {1 Y1-hajm wa *l-wazn). The
work of al-Birunt {f1. 1000) from which this is epitomized is known
from al-Birtuni's own lisgt of his writings and excerpts in later
authors 12), but survives only in photocopies {preserved at the
American University of Beirut} of the unique manuscript; Université
Saint-Joseph, Bibliothéque Orientale, 223(8), which has now disinte~
grated. s

13, pp.17-22. Abhmad b. Mubhammad *Abd al-Jalil al-8ijzi (f1. 1000,
Suter no. 185, GAS 'V 329-34). "Remarks on the nature of the concept
ef the two lines which Apollonius mentioned in the second book of his
Conica™ (Qawl fi kayfiyya tagawwur al-kattayni lladayni dakara-huma
Abluniyus al-fadil fi *l~maqalati *l=tEniya min kitabihi {7 *T=makritdt).
The same treatise is in Lieiden Or. 14 pp. 22631 (Handlist p. 180),
Istanbul, Regit 1191 ff. 71379 (GAS 'V 332-33) and (probably) Columbia
Or. 45 ne. 12 (Awad p. 263), i. e Sezgin's nos. 10, 25 and 28 ave all
the same work. The "two lines" are the asymptotes of the hyperbola.

14. pp.22-26. Ra$id al-Din Abu Ja‘tar Muhammadb. Ahmad
b. Mubhammad b. KiSha al-QummT (Suter no, 207), "Epistle in
explanation of the asymptotes" (Risala fl ibanati *1~kattayni *1ladayni
yagrubani abadan wa-la yaltagiyani). The work is in reply to &

question by a ecertain Abn 1=Badr “Abd al«tAziz b. “All b. “Abd al-‘Aziz.

It is also extant in Chester Beatty 5255 ff. 32-37 (where, like nos. 2
and 10 above, it is presumably a direct copy of this manuscript), in
Columbia Or. 45 no. 13 {(Awad p. 263) and in Lieiden, Or. 14 pp,.232=35
(Handlist p. 180).. I do not know on what grounds Suter (1. ¢.),
Brockelmann (GAL S I p. 389 no. 7¢) and Sezgin (GAS V 336) say that
the author was a younger contemporary of al=Sijzi. I correéct, this
would date him to the L1th century. Brockelmann, on the basis of
the Lieiden ms. , gives his name as b. {?2)Kinab. Cf. no.4 above.
The treatise of Diocles ig also extant in:another manuscripts
Chester Beatty 5255, 1V~28Y (see Arberry, Handlist pp.81-82). I

12 See Boilot ‘no.63 pp.196-97.
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call this ms. "CY, There can be no doubt that it is(at least for the
Dioeles treatise) a direct copy of the Meshhed manuscript (which

I call "M"). The text it presents is very cloge to that of M, with the
same omissions, repetitions and corruptions. More significantly,

a number of features in C ave explicable as misreadings of M. Thus

Mmin'® consistently appears ag i in C. A glance at the way it is

written. in M {e. g. p. 127 line 1, see my p. 186) shows why. The most
striking case, however; is p. 107 line 13 of M (§10, sée my p. 116},
whevre the scribe repeated in error the words "mitla rub®i Y1=kaftl
MNladi tagwa ‘alayhi °l-a' from the preévious line, realized his mis-
take in the middle of the word "*?1~a‘mida", and crossed the repetition
out. However, he crossed it out carelessly; so that his pen skipped
the word "falayhi. The copyist of C {who c¢bvieusly understood not
a word of what he was copying), slavishly omitted the rest of the
repeated phrase, but copied the nonsensical "alayhi™ (C, 27 line 10}
No further argument is necessary to prove C's direct dependence
on M, though many could be adduced. I'have no doubt that the second
and third items in C are also directly copied from M (see pp. 28 and
30; items 2 and 14) but I have not made a detailed comparison of
thoge works., Thus C can be eliminated as a witness for Diocles.
Accordingly, I refer throughout only to the readings of M.

M was written very carelessly (see the general description,
p. 27), and mathematical grounds alone force one to agsume numerous
corruptions {fortunately, most of a trivial kind) in the Diocles
treatise. I have not hesitated to emend the text where it seemed
necessary. I am confident that I have restored the sense, if not the
exact wording; of the original in passages of mathematical demon-
stration. The same is true, mutatis mutandis, for my reconstructions
of the missing diagrams. I am much less confident of my text in
certainexpository passages, notably §§16-37.

Besides these merely mechanical scribal errors, the text has
suffered severely from deliberate interpolation. I believe that
Props. 6, 9 and 14 cannot be attributed to Diocles (for my reasorns
see the commentary on those propositions, pp.161-2,168=9,173). There
are also some individual sentences which are highly suspicious
{see notes on §§53,. 154). It seems highly probable, though unprovable,
that these interpolations occurred after the treatise was translated
into Arabic13), Nevertheless, Ihave not eliminated these spurious
passages from the text; preferring tc present the Arabic version
of Diocles "tel quel'.

13 Arguments to support this can be drawn from vocabulary. See note

on-§53 (use of "watar"). The word "sura for "diagram" occurs ounly
in & section considered spurious on other grounds (§§232, 235).
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Bditorial Procedures

All numerical references in the critical apparatus and (unléss other=
wise specified) in the commentary are to the numbers of the sections
into which I have arbitrarily divided the text. The end of each
section is marked by the sign,; in both text and translation. In
the text my supplemients are enclosed in angled brackets, while
passages which I have deleted as seribal additions or repetitions are
enclosed in square brackets. All other changes from the manuscript,
except, changes in the pointing, are reported in the apparatus, in the
following way. I give first, as catchword(s), the correct reading,

as it stands in the text above; thern; separated by a colon, the manus~
cript reading, Different items within the same section are-separated
by a semi-colon. If the relévant word or phrase ceccurs more than
onice within the samé section, a raised 1, 2, etc. after the catchword(s)
indicates that the reference is to the first, second, etc. occurrence.
Only the readings of ms. M are reported, since it is the only inde-
pendent witness to the text {see Introduction pp. 30-31). Since it is so
carelessly written, [ do riot reportthe numerous cases where I
supplement or even change the pointing of letters. Nor, in general,
do I mention or discuss alternative ways of reading the tracés in

" the manuscript, though there are many places which, from a palaeo-
graphical point of view; could be read differently. The photographs
of the manuscript, pp.114-137, afford a means of checking my text
and apparatis. :

The text figures are entirely my reconstruction; since all are
omitted in the manusgcript. Only for Figs. 7, 8, 10, 12 and 13 do we
have the version 6f Eutocius for comparison {¢f. Figs. VIII-XIL in
Appendix A), and I have indeed based my reconstruction of those
figures partly on those in the mss. of Butocius, though it is likely
that in the Arabic text the figures were the mirror images of those
in the Greek,; as is often (but by no means always) the case. I have
represented the lettering of the figures by a consistent system, which
corresponds to the lettering of the Arabic as detailed below. From
the Arabic we can in furt reconstruct the Greek lettering, since
Arabic mathematical texts translated from the Greek represent the
letters by the Arabic letters in the numerical (Mabjad').order. On
this point see Gandz; "Der Hultsch-Cantorsche Beweis'; for a good
summary-of the older literature; though the article needs correcting
on several-points of fact, and Gandz's eontention that the Arvabic order
ig independent of the Greek is quite unacceptable. Each Greek letter
is represented by the Arabic letter which has the same numerical
value. There are no general exceptions to this rule, and very few
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Editorial procedures

individual exceptions; and there can be no doubt that the translators
were fully aware of the corréspondence, as can be amply demonstrated
e.g. from the Arabic translation of Apollonius' Contes. The corres-
pondences in our text are as follows.

My translation Arabic Greek

= alif =
= ba -
= jim =
= dal =
= hE =
= zay =
= ha =
= ta =
= kaf =
= lam =
= mim =
nun =
= sin =
= ayn =

= l{.‘a =
= i‘él =
= dad =

oM HAOEO g OURRZEr RonNEOQWE »
u
O e O MO O R S K@D N W

waw (Greeks); ya (Greek 1) and z8 (GreeksS) do not occur in
our text. This is riot surprising, since the corresponding Greek letters
very rarely occur in geometrical diagrams.

;
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On Burning Mirrors

I the name of God, the merciful, the compassionate.
O God, grant long lifé.,

The book of Diocles on burning mirrors.
4

He said: Pythion the Thasian geometer wrote a letter to Conon
in which he asked him how to find a mirror surface such that
when it is placed facing the sun the rays reflected from it
meet the circumference of a circle. And when Zenodorus
the astronomer came down to Arcadia and was introduced
t6 us, he asked ts how to find a mirror surface such that
when it is placed facing the sun the rays reflected from it
meet a point and thus cause burning.; So we want to explain
the answer to the problem posed by Pythion and to that posed
by Zenodorus; in the course of this we shall make use of
the premisges established by our predecessorsy One of
those two problems; namely the one requiring the construe-
tion of a mirror which makes all the rays meet in one
point, is the one which wag solved practically by Dositheus;
The other problem, since it was only theoretical, and
there was no argument worthy to serve as proof in its
case, was not solved practically. We have set out a
compilation of the proofs-of both these problems and
elucidated them.

The burning=mirror surfdce submitted to you is the
surface bounding the figure produced by a section of & l
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Tranglation,  Introduction, 8+15

right ~angled cone {i. . parabola) being revolved about the
line bisecting it (i. e. its axis), It is a property of that
surface that all the rays are reflected to a single point,
namely the point (on the axis) whose distance from the
surface is equal to a quarter of the line which is the para-
meter of the squares on the perpendiculars drawn to the axis
(i.e. the ordinates); Whenever one increases that surface by
a given amount, therewill be a {corresponding) increase in
the above~mentioned conic section.; So the rays reflected
from that additional (surface) will also be reflected to
exactly the same point, and thus they will increase the
intensity of the heat around that point.; The intensity of

‘the burning.in this case ig greater than that generated from

a spherical surface; for from a spherical surface the rays
are reflected to a straight line, not to a point, although
people used to guess that they are reflected to the center;,
the rays which meet at one place in that (i.e. a gpherical)
surface are reflected from the surface {consisting) of a
spherical segment less than half the sphere,; and (even)

if the mirror consists of half the sphere or more than
half; only those rays reflected from less than half the
sphere are reflected to that place,

The problem posed by Pythion is also solved by a
section of a right-angled cone being revolved with another
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Translation, Introduction, 15=21

kind of vevolution, and we shall explain that later, (Thus)
an ingenious method has been found for a burning-mirror
to burn without being turned to face the sun; instead it

ig fixed in one and the same position, and indicates the
hours of the day without a gnomon.; It does thig by burning
a trace to which the rays-are reflecteds the reflecting
produces a trace for the position of the hour which is
sought. This statement is amazing, namely that there is
no need to turn the mirror, but that (what we have
described) results merely from the above~mentioned
figure,

We discuss first of all an assunmiption constantly made
by the astronomers, namely that every point on the earth
can be treated as the center of the earth.; Sometimes
people who try to discredit the mathematical scientists
and say that they construct their subject on a weak
foundation scoff (at this)s; for some of them (the scientists)
agsert that the (size of the) radii of the spheres is known
and that each one is greater than the one {next to it} by
miore than 30 million stades, while others assert that it
(is greater by) more than 50 million stades.; People
were inclined more to this second opinion, because they
trusted the doctrines of the ancients in this matter;
but they say that if the way can be found to avoid using
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Tyanslation, Introduction, 21-27

this prineiple; and we are not forced to use it by the
requirements of the subject of time-measuring intruments
which use the shadow, then it is best not to use it We
shall proceed with our discugsion in order to explain
what they were doubtful about. We say; then, that the
above=mentioned point (i. e. any point on the earth's sur-
face) can be treated ag the center of the earth and of the
universe.; In this we must state the cogent analogy which
we use in this matter and in others, and Wwe state that

the phienomena occuring in the case of the gnonmions are
similar to what would oceéur if they really lay at the center
(of the earth)., But those time-measuring instruments
using the shadow which indicate the hours without having
a gnomon in them reach a degree of minute accuracy
such as cannot be attained in this matter by any other
kind (of instruménts)y It may also be possible for you

16 examine the way these instrumernts are used, if you
would care to do so; because {firstly) there is in them
something to evoke your astonishment: for we are able to
do something which others have {(merely) talked about in-
connection with this subject, and (to decide) whether they
hit the mark or not in what they wrote about ity and
because, secondly, to sum up,; none of the elements
needed in the above-mentioned time-measuring instru-
ments is lacking in our operation.; I believe that the
operation we must expound to you is something you may
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Translation, Introduction, &£7-34

understand easily and briefly, so it does not require that
you give it close attention and study.; As for the matter
of the gnomons used by the astronomers, they achieve
great accuracy when they are made according to the old
methods which used to be employed in making time~
measuring instruments in which the shadow is used.;

But many of the surfaces in which it (the shadow) is used
are impossible to make, and many of them are very
difficult to make.; In short, you must realize that the
knowledge of this is difficult and requires care and
perseverance; whoever has spent pains on it will attest
thee truth of what we say.

Perhaps you would like to make two examples of a
burning-mirror, each having a diameter of two cubits,y
one constructed on the circumference of a circle (i. e.
spherical), the other on a section of a right-angled cone
(i.e. parabolic); sothat it may bepossiblefor youto measure
the burning-power of each of them by the degree of its

efficiency.; So one knows the base of their burning-powers,

and {then) measuring the (relation between) the burning
(-power) of one and that of the other is a matter requiring
observation: that is to say, if the mirror-surface with

a diameter of the amount of one foot burns the whole of the
burning-area which heats up in (a piece of) wood, then it
is more likely to burn (it} easily when its diameter is

42
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Travslation, Prop.l, 34=40
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seven times that amount.y For when the burning-power
is multiplied by seven, the difference between it (such
a mirror) and the original mirror must be very great,

We believe that it is possible to make a burning-
instrument of glass such that it has a special property,
namely that one can make lamps from it which produce
fire in temples and at sacrifices and immolations, so that
the fire is clearly seen 1o burn the sacrificial victims;;
this occurs,; as we are informed; in certain remote cities,
especially on the days of great celebration: this causes
the people of those. cities to marvel. That is something
which we too shall doy

Let there be a parabola KBM, with axis AZ, and let Prop.

half the parameter of the squares on the ordinates be line 1
BH.; Liet BE on the axis be equal to BH, and let BE be
bisected at point D. Liet us draw a. line tangent 16 the

section at an arbitrary peint, namely line 84, and draw

line 8G as ordinate to AZ.; Then we know that
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Translation, Prop.1, 40-48

AB = BG

and that the line drawn from 8 perpendicular to 8A meets
AZ beyond E.; So let us draw Z8@ perpendicular to. 94, and
join 9D,

Then GZ = BH
and HB = BE,
50 GZ = BE,

We subtract GE, common (to GZ and BE), then the rémainder

GB = EZ.
But GB = BA,
so AB = EZ,

And BD = DE, because BE is bisectéed at D,
s6 the sum AD = DZ,

And because triangle A8Z is right-angled and its base AZ
is bisected at D,

AD = D@ = DZ,
306 =§§
and A = é\Q,,

So. let a line parallel to AZ pass through , namely line 8°S.

Then 6 = ﬁ, which is alternate to it,
and 6 = ?(, '
50 3\{ =R alsoy

And PQX = RT, right angles,

”~
o T = PQ, remainders,

So-when line S8 meets line A@ it is reflected to point D,
forming equal angles, PQ and T, betweén itself and the
tangent AQ.; Hence it has been shown that if ene draws from
any point on KBM 4 linte tangent to the section, and draws
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Tranglation; Prop.l; 48=55

the line connecting the point of tangency with point D, €. g.

line 8D, and draws line 88 parallel to AZ, then in that case

line S8 is reflected to point D, i.e. the line passing through
point 8 is reflected at equal angles from the tangent to the
section. And all parallel lines from all points oni KBM have
the same property; S0, since they make equal angles

with the tangents, they go to point Dy

Hence, if AZ is kept stationary, and KBRM revolved
(about it) until it returns to its original position, and a
concave surface of brass is constructed on the surface
described by KBM, and placed facing the sun, so that
the sun's rays meet the concave surface,; they will be re-
flected to point D, since they are parallel to each other.
And the more the (reflecting) surface is increased, the
greater will be the number of rays reflected to point Dy

But if we cut off line BOF, making it equal to line
BM, and join FM, which is like a chord of section FBM,
and set up on AZ a plane perpendicular to the established
plane (i, e. the plane of paper); so that FM is perpen=
dicular to that plane,; and, keeping M stationary, re-
volve section FBM (about P M) until it returds to its
original position,y and {then) construct a surface of brass
conformal to the resulting concave survace, and place
it facing the sun, the rays will be reflected from its whole

48
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Tyranslation, Prop.l, &5-61

area to the circumference of a circle (lying) in the plane
on AZ.; The reason is that since point D is revolvedto-
gether with section FBM, the rays will be reéflected to

the circumference of the circle produced.by the revolution
of this point. The radius of this circle comes out equal

to line DE.; So if we want the circle to be any desired
size, we make DE equal to (that circle's) radius, and
draw BE perpendicular to FM; and perform those other
operations exactly (as we did before).,; You should realize
that oné must not use the whole of the surface we des=
eribed, because otherwise MBEF would come in line with
the sun and thus obstruct it.; But if we use half of the above-
meéntioned surface, which is what results when the surface
is cut by some plane passing through F'E, we get the
desired effect. But (in that case) burning does not occur
on the whole of the circumference of the above-mentioned
¢ircle, but (only) on half of it

But if we erect a plane through BH so that AB is per=-
péndicular to it and it is perpendicular to the plane through
FBM, and draw in it some circle, BLN, such that point B
lies on the circumference of BLN,j and make segment BM
of the section revolve about it until it returns fo its (original)
position, in such a way that line BZ remains perpendicular
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Traristation, Prop.1, 61-67

to the above-mentioned plane {the plane through BH) through~
out the revolution of the segment,; the result of that will be
a certain surface; and point D will deseribe a certain
circle to whoge circumference the rays will be reflected.
The perpendicular distance of that surface from the circle
to whose circumference we want the rays to be reflected
will be equal to BD.; And not only it is possible for re-
flection to oecur to the circumference of a circle, but

it might also be possible for it to occur to any other curve
we wish,) as follows: line BH has been drawn from point

B of section KBM at right angles to: AB.; Let there be
(drawn) in the plane through BH some curve, BLN, of the
same size and shape as the curve to which we want re-
flection of the rays to occur. Liet segment BM of the
section, which is tangent to the curve at point B of curve
BLN, be revolved around curve BLIN so that its revolution
is at right angles to the established plane (i.e. the plane of
the paper), and so that line ZB in it (segment BM), which
ig tangent to curve BLN, remains fixed in its oviginal
position.; It is evident that point D produces in the plane
parallel to the plane through BH & curve equal and

similar to BLN.
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Let FAM be the circumference of a cirele whose Prop.
center is B, and let the circumference be met by some 2

Transglation, Prop.2, 68-71

line, AB. Let there be drawn from any two points on it
(the circumference) two lines parallel to AB, namely LF,
GS.; Join BL;, BG, and cut off ares LM, GZ equal to arc

LG. Then

SN SN
BLM = BLG,

And if we make ZGX = LGS

and

then

But
80

S0

e~ Py

GLE = FLM,

i Pt N P

ELB = BLF, remainders (of BLG ~ GLE
N Py

and BLM - FLM),

AN AN
FLB = LBE, alternate,
P DS
LBE = ELB;
BE = LE,
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Text, Prop.2, 68=75
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Transilation, Props.2<3; 72+81

But LE >EA, because EA is the shortest of (all) the
lines drawn from E to the circumference of the circle.y

So BE > EA
and also BE >EG, since LE > EG,,
So OR >
AN . A
and the angle alternate to D is P,

A A
fslo} OR. >P.

N Pestin
But the whole of CP = RO,

N A
SO c > Q.|
-~ A
But QO = C:
Pa) o~
so R =P, remainders (of RO/@ QQ
and CP - C).
And ﬁ’ = ]5)
A A
S0 R = D,
so BX > XA.

Then let AB be bisected at H. Hence it has been demonstrated
that if we draw any number of parallel-lines to FAM,; the
circumference of the circle, and they are reflected from
circumference PAM so as to prodiuce equal angles, then (the
reflected lines) pass between points A and H, and no line
among them passes between points B and H.; The nearer one
of the lines parallel to AB is to AB, the nearer to point H
does:its reflection (pass), and the farther one of them is
{from AB); the nearerto point A does its reflection (pass)i
Let FAY be the circumference of a cirele in the
established plane, and let its center be B. IL.et its radius
be BA, and let BA be bisected at H,y Let DF cut AB per-
pendicularly at H. Then each of the arcs DA, AF is a sixth
of the circumference.; Let us bisect are DA at G and arc
AF at N, and draw TG parallel to AB; and join GB.; Then
when TG is reflected from point G so asto make equal
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Prop.
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Text, Props.2-3, 756~81
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Trapstatton, Prop.3, 81-86
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angles with are YAF, it falls between points A and H, as we
showed above.p Liet it fall on pomt X and let XG make
with GK an angle O, equal to S. Then it turns out that

S is -é—of a right angle,

therefore O is % of a right angle.
ang 3-8
and R= H, right angles,
50 6 = Z.
SoABHZ is gimilar to AGKX,,
And GK = BH, because HA equals both K& and HBE,

so GX = BZ.y n A
But GX = BX, because S = &,
50 BZ = BX.,

But /S\ is % of a right angleé and f\I is a right angle,
2
so 7 is 3 of a right angle,

So B72 = g BHZ,
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Texty, Prop.d, §1+87
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94

Iranslation, Prop.3, 8694

so BX2 = % BH?2 also,
So BH >6HX,
and AH = BH,

0 AH. >6XH,
and therefore AX >5XH,

And when the lines parallel to AB which meét arcs GD
and NF are reflected at equal angles; they cut AH between
points A and X; as for the section (of AH) beyond X towards
H, none of the (above) rays are reflected to it. The rays
parallel to. AB which meét arc GAN, when reflected at
equal angles, cut XH. The two rays which are reflected
from points G and N also cut XH, at 3. The nearer one of
the other rays (among those reflected from arc GAN) is to
A, the nearer its reflection is to H,,

So if' AB is kept stationary, and are AD is rotated
until it returns to its original position, the resulting figure
will be & spherical surface, If the latter is shaped in
brass, and placed facing the sun so that one of the sun's
rays passes along AB, then the rays reflected from the sur=
face formed by the rotation of arc GD, when they are re-
flected at equal angles, will (all) go to line AX, while the
rays reflected from the whole surface formed by (the rotation
of) arc AG will (all) go to line HX.,| and the rays coming from
the largest circle in that surface, which passes through
points G and N, will fall on point X. The rays which are in
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Texty Prop.3d, 87-94
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Transtation, Props.3d—4, 94-100

S QO ¢ p R
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it
ML e |Z G L
L ®
/N H )
K F A X
Fig. 4

the vicinity of point A will, after reflection; fall closer

to point H. Thus gréat heat will result in the space between
points H and X, and it will be nearer to point H than. to

point. X. Hence there is no advantage in the surface resulting
from arc GD; since no ray from it falls on the area in which
the burning takes place.; Therefore whoever wants to make
a burning-mirrvor from a section of a sphere need usge only
the surface produced by arc GA. 4

How do we shape the curvature of the burning~mirror
when. we want the point at which the burning occurs to be
at a given distance from the center of the surface of the
mirror?; We draw with: a ruler on a given board a line equal -
to the distance we want: that is line AB.  We make AK twice
BA and erect BE perpendicular and equal to AB; we join
EK.| We make AF equal to BE, and join EF: then ABEF is
a square; and also EF is equal to FK.; We miark on BA
two points, G, D, and make EZ equal to BG and HE equal
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Pext, Props.3-4, 94-100
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Translation; Prop.4, 100=106

to. BD. We join ZG, HD, and produce them on both sides:
let them meet EK in M, L.y Then if, with A as center and
GM as radius, we draw a circle, it cuts GM: let it cut it

in 8. Then we continue to draw it in the same way until it
cuts it in Y. Again, if, with center A and radius DL, we
draw a circle, it cuts DLs let it cut in Ny Then we continue
to draw it about center A until it cuts it (DL) again in 9.
Then we draw AX as an extension in a straight line of KA
arid make it (AX) equal to it (KA). Then points K, N, 8, B,
¥y @, X lie on a parabola, ’

For we produce AB to R, letting BR equal AB; let us
draw RS perpendicular to AB and equal to KA, and join SK,
and draw from points I, M, 8, N to line RS perpendiculars
LQ, MC, NO, 8P, Then when KE is produced in a straight
line it passes through R.

So QL=LD
and MC= MG, because KER is a diagonal of square AS,
But LD = NA
and MG= QA,
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Text, Prop.4, 100=106
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Translation, Brop.d, 106=111

and L& 5 LD also

and MC= MGy

S0 AN = LQ = NO

and A@ = MC= gP.

And AK = KS

and AR is bisected at By

Since that s so, points B, @, N, K lie on a parabola, as
we shall prove subsequently. Similarly points ¥, ¢, X also
(lie on the parabola),

So if we miark numerous points on AB, and draw through
them lines parallel to AK, and mark on the lines points
corresponding to the other points (i.e. 8, N ete. ), and bend
along the resultant points a ruler ( ?)made of horn,; fastening
it 8o that it cannot move, then draw a line along it and cut
the board along that line, then shape the curvature of the
figure we wish to make to fit that template,, the burning
from. that surface will occur at point A, as was proved
in the first proposition.,

S R

Fig. 5
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Text, Props.d=5, 106=113
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Tronslation, Prop:s, 115-118

Liet the diagonsal of square AS be line RK, and let us
bisect AR at B, and mark some point, ¢, between A and
Bu Liet two lines parallel to AK, BE and GM, pass through
points B and G, and let a line parallel to AB, EF, pass
through point E. Then

MG = MN = BE.,

And because of what was stated in the proposition pre-
ceding this one, AR is a square,

56 BRE = AB;

and EN equals both NM and BG,
therefore MN = BG.

So MG = BG = ABy

Liet BQ be -equal to GB.,

Then QA = MG.

So the cirele constricted on center A with radius equal
to MG passes through Q4 Then I say that it (the cirele) cuts
line MG between points M and G. For if it were to pass
through M or fall beyond M, its radius would be longer than
GM, since G is right, and that is impogsible, gince we
have made it (the radius) equal to it (GM).; So the circum-
ference of the above-mertioned circle cuts MG between
points M and G. Then let it cut it in X, and let us draw
a line, XA, joining points X and A, Then

AX = MG.]

And we have shown that AQ also equals MG,
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Text; Prop.s, 113-118
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Translation, Prop.&, 118-124

go XA = AQ,

And since QB = BG;

4 (AB.BG) + GA2 = AQ2.,

But AQ2 = AXZ,

and XG2 1+ GAZ = AX2; because G is right.
So 4 (AB.BG) + GA? = XG2 + GAZ,,
And when we eliminate GAZ, commion,
4 (AB. BG) = XG2, remainders.,

And 4 (AB. BG) = BG. 4AB.,

Liet 4AB = T,

Then XG2 = BG. T.

And also AK2 = AB.T, because SA is a square, and AR is
bisected at B.; So the parabola which passes through points
B and K will also pass through X, and the parameter of the
squares on the ordinates is line T, which is what we wanted
to prove.)

Fig. 6a
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Text, Prop:b, 118~124
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Translation, Prop.6, 125+130

Then after that Diocles proves that equal quantities Prop.

situated on a straight line are subtended by unequal (angles), 6
and that the greateést (of the latter) is the one nearest the
perpendicular drawn from the eye to that line. We must prove
that. So let a square ABGD be drawn, and let BG be joined.
On center B, with radius BD, draw DA cuttmg BGin 6. It
is clear that it will pass through A, and that D8 will be

equal to 8A.; Then let GD be divided into any number of egual
1/1_{1es GE, EZ, ZH, HD. Join EB, ZB, HB; and let them cut
DO in K, L, M. Then it is clear that angles DBM, MBL, LBK,
KB8 will be unequal, so the quantities DH, HZ, 25, BEG are
subtended by unequal (angles). And line GD is longer than
arc D@, because GD plus GA is longer than the whole are
D8A:| So let there be a template equal {in size and shape)

to the figure bounded by are OLD and lines @B-and BD, and
let a sheet be bent along 8LID), and let points K, L, M be
marked on it.; Then let the sheet be flattened out and let it

Fig. 6b
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Text, Prop.6; 186~130
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131

Translation,; Prop.6, 150-135

(i.e. the part of it corresponding to arc 8LD) be SO, and
let the points marked on it be C, R, F. Liet us draw SN from
S perpendicular to SO, and make SN equal to SO. Let us
join NGO, and produce it in the other side to @, and make
NP equal to GD.; Then it (NP} is longer than NS, because

we said in the preceding section that

A
GD >/@&D,
and LD = NS.

Let there be drawn through point P a line PQ parallel to
SO, and let NC; NR, NF be joined and produced to X, U and
b (respectively).

Then/\ P TN N
GBD : HBD =8LD : MD'= SO : SC = PQ : PX = GD : PX.;

But GD is subtended by G/B\D s0' PX is subtended by HBD.

And DH is also subtended by HBD.; Similarly ZH also is
subtended by (an angle) equal to (that subtending) XU, EZ

by (one) equal to (that subtending) Ué, and GE by (one) equal to
(that subtending) ¢@Q. So lines DH, HZ, ZE, EG are subtended
by (angles) equal to those subtending PX, XU, Ud, Q.

And it is clear that each of the lines PX, XU, 9U, ¢ is
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Texty Prop.6, 130~135
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Tranglations Props.6-7, 135=142

greater than the next, since each of the arcs DM, ML, LK,
K8 too is greater than the next, because each of the angles
at the center too is greater than the nexty

Archimedes proved in his book On the Sphere and Prop.

Cylinder that every segment of a sphere is equal to the cone 7
whose base is the same as that of the segment; and whose
height is (equal to) a line whose ratio to the perpendicular
between the vertex and the base of the segment equals the .
ratio of the sum of the radius of the sphere and the per-
pendicular, i.e. height, of the other segment of the sphere

to the perpendicular of that second segment.; For example,

let there be a sphere, ABG, cut by a plane, namely the

plane of the circle with diameter GD; and let AB be the
diameter of circle ABG, and point E its center.; We set

HZ : ZB = (EA + AZ) 1 ZA

and, by'a similar construction, we derive the ratio 87 : ZA
Then it has been proven that segment GBD of the sphere is
equal to the cone whose base is the circle of diameter GD
and whose axis is ZH, and that segment GAD is equal to the
cone whose base is the same circle and whose axis is 8Z.
Having proved that, he (Archimedes) wanted to cut the
given sphere by & plane so that the two segments of the
spherebear a given ratio to one another.; So he said that
the ratio of the cone whose basge is the circle with diameter
GD and whose height is 28 to the cone whose base is the

Fig. 7
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Text, Prop.7, 136~142

Whle¥ly 8 S 5 Jgd) 3 oriaes)) o 9y
Aakill 31006 sl g2l Lyl %ol g 5,5 Ralas U5
Ao or ot ] @ s D s L b ales),
Lkl 3 gepy 8,500 b (bl Kwd Jro Lgasls )
wxwéﬁg\@@\s)\%éx\sj@\wéﬁY\
ucchm, e 55T S s S ko)
i ki N Sy e bk 0sS @) 5 A e sy
w.)-lw‘,} )wadﬁ; \A;ﬁechg\
M“J&)JL”Q\W}@@) JL#&WJ
,ls;,v.}\ )L@w@i@; Caas)

ki Bl i W

035 5 A ks 50 L}J;'.J & ghn 3,50 e g

¢ by sl '\;}\,M.b takiy 3 J‘Q‘>Wj C\AI}“‘Q

D3 W pis W ok b (hagurs Weom 55000 s2n wass

gold 0555 e el L ghall 5,5 ek ol s

O Reghes T s Kb 5T N gt 5500
wlily sp i o 5 A0 wasls gt Ly sl

i)l Lgrm 80000 sda waels gl Ly all W 5L Ls

saele w5uelG 36

A

Q gal) s gl s

77

136

137

138

139

140

141

142



143

146

(47

(48

149

Translation, Prop.7, 142~149

same circle and whose height is ZH is given,; and it is equal
to the ratic of 8Z to ZH, since it has been proven that cones
on equal bases have to one another the ratio of their heights. o]
So the ratio of 8Z to ZH is given, and since

8Z ¢ ZA = (EB + BZ) :

dirimendo,

QA ¢+ AZ = BE : BZ,

And similarly we prove also that

HB : BZ = BA i AZ.
But EA = BE,,

So this problem has turned out to be as I deseribe, namely:
If line AB and two points; A,B, be given in position,

and line EB be given in magnitude,; how to divide AB at

point Z and-add to it §A and BH such that the ratio of 62

to ZH be given, and furthermore the ratioc of 0A to ZA be

equal to the ratio of the given line, EB; to ZB,| and further-

more the ratio of HB to ZB be equal to the ratio of the

same given line; EB, to ZA, We shall expound that {problem)

in what follows;; for Archimedes, having explained the above-

mentioned (problem) in a manner loniger thar surs, arrived

at another problem which he did not solve in his Book

On the Sphere and Cylinder.,
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Translation, Prop: 8, 160~155

Ke

Fig, 8

When line AB is given in position, and twe points, A, B,

are given in position, how may we cut AB at G in such a
way that when lines DA, BE, are added’to it the result is
that the ratio of GD'to GE is equal to & given ratio,; and
furthermore that the ratio of DA to AG is equal to the ratic
of some given line to GB, and that the ratio of EB to BG is
equal-to the ratio of that given line to GA.,

Liet angles GAH, GB® be right, and let us make each 6f

lines AH, B® equal to the given line. Let HG, G8 be joined
and produced to points Z,K.; Then since

DA ¢ AG = the given line 8B : BG = KA : AG,
KA = AD,

Simiilarly we prove also that
ZB = BE’I

And it is clear that the rectangle A@ is given, for both AB
and AH are given.; And since DG ¢ GE is given,
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Translation; Prop.8, 156-163

(KA + AG) : (BZ + BG) is given,
so (KA + AG). (ZB + GB) : (ZB + BG)? is given,,

And since
(AH + AG) : (GB + BZ) = (KA + AG) : (8B + BG),
for each of these ratios is equal to AG ¢ BG,

(HA + AG). (8B + BG) = (KA + AG). (ZB + BG),
But (KA + AG). (ZB + BG) : (ZB + BG)? is given,|

So we make ALs equal to HA, and BM equal to 8B. Then
points L. and M are given,; and it is clear that if L falls
between D and A, M will fall beyond E, since we have proven
that

DG. GE = LG. GM,,

The result is that LG. MG : (ZB + BG)? is given,
Liet there be drawn through Z a line, ZN, parallel to
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Transtations Prop.8, 163-169

AB, and let us draw through G a line, SGO, cutting AB at
right angles;, let us make GP equal to BG, 4and let BP be
joined and produced to points Q,;R. Then line QR is given
in position;, since BG : GP is given. So let {wo perpen—
diculars be drawn to DM from points I, and M, namely LQ
and MR.; Then

LG : GM = QP : PR = QP2 : (QP.PR),,
Sos permitando,
LG? : QP2 = (LG.GM) : (QP. PR).,
And LG2 ¢ QP2 is given, for GB2 : BP? is given:y
So (LLG. GM) : (QP. PR) is given,
and (LG. GM) : (ZB + BG)2 is given,

and (2B + BG)2 = SP2,

So (QP. PR) : SP2 is given, and PR is given, since it is
half a right angle, and points Q and R are given.,
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Texty; Prop.8, 163-169
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Translation, Props.8-9, 170=175

S0 8 lies on the perimeter of an ellipse given in po=
sition.

And rectangle A@ is equal to rectangle SH; since ZH
is a diagonal of rectangle N8. So

8H. 8B = SN. 30.

And lines KH, H8 are given in position, and point B is giveny
So if we construct a hyperbola with asymptotes KH, H@,
and pasgsing through the given point B, it will also pass
through point S,

So point S is on the perimeter of a hyperbola given
in position; and is also on the perimeter of an ellipse
given in position.; And SG is perpendicular to AB, so
point G ig given. And the ratio of EB to BG equals the
ratio of the given line, which equals AH, to the given
line AG.; So the ratio of BE to BG is given, so point E
also is given. And similarly point D also is given, and the
synthesis of that (problem) is sbvious.,

We want to show how to find a line equal to one and a Prop.

fraction times a given line. Let the given line be DE: we 9
want to find a line which is 1 1/8 times the given line, or
(2)8/ths of it.,

86

Text. Props.8~9, 169-=175
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Translation, Prop.9, 176-183

A

3 E

B G

F Fig. 9

Liet DA be perpendicular to DE; and let us produce AD
in a straight line to ¥, and mark any point B on DF.; Let
DA be 8 times DB. Leet us produce AR in a straight line
to G and draw GB parallel to DE.; Then since

AD = 8DB
BA = 11/8 AD.
So BG =11/8 DE also.

So we have found the line we wanted, namely line BG,;

So if we want to find another such:line such: that, when
BG is given, BG'is 1/8 times that line;; we draw BA per=
pendicular {to BG), as in the diagram, and mark point D
anywhere on it, and make AD 8 times DB,; and draw AG
and make DE parallel to BG. Then BG is 11/8 times DE

So if we want it to be 11/7 times {DE), we make AD
7 times DB; and carry out all the other operations exactly
as we did (before).

Liet-the given line be BG: we want to find a line, e. g.
line DE, such-that BG is one and a composite fraction times
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187
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Trarnslation, Props.9~10, 183-191

DE; as for instance if we want BG tobe 1 3/5 times (DE),

so that the ratio between them is 8 :56.; We draw AB per-
pendicular (to BG), and divide off equal sections, making

AR 8 of those (sections) and AD 5 of them. We join AG and
diraw DE parallel to BG.; Then DE is the required line.
Similarly if we want to find another line whose ratio to the
given line is any other given ratio, then we carry out exactly
the same operations.;

G
Q 9} E H 7
X 9. Ip
C
N L
A
R
B s M
Fig. 10
Then after that Diocles shows how to find a cube which Prop.
is twice a {given) cube by means of a geometrical proof. 10

We make the given line A. Then we must seek another
line such that the cube of A is twice (that line's) cube, We
construct two lines, GL, EZ, intersecting at right angles;
let GH, HD each equal 1/4 A We make B'(equal to) /o A;
let EH, ZH.each equal 1/4 B, Draw 8D, EO perpendicular
(to GD; EZ respectively), and make DK equal to GD.y Then

it is obwvious that

ZE = B8,
since A = 2By

Produce GD, ZE in a straight line to points M,Q and mark
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192

193

Translation, Prop.10, 191-198

on lines DM, BEQ many points ¢loge to each other, as L, M,O,
P,Q.( Draw from points L, M on line HM perpendiculars
LN, MS; and from points O, P, @ perpendiculars to line HQ,
namely OC, PN, QR.; Now we madeé the line drawn from
Dto K equal to GD. So we set D as center; and with radius
equal to GL: draw a circle; and mark N at the place where
it cuts LN, Similarly we draw a circle with center D and
radius GM, and mark S at the place where it cuts MS.p Liet
us draw with the curved ruler a line passing through points
K,N,S and the other points marked in this way: that is line
KNS, We operate similarly on the other lines we draw a
circle with center E and radivs ZO; let it cut OC at Cyi
Similarly we adopt the same center B, and radiug ZPy; ZQ
(in turn), and draw circles: let these cut PN, QR in Ny R
(respectively).) Likewise we draw with the curved ruler a
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200

Translation, Prop.10, 198=204 ‘

line passing through points 8,C, N, R, namely line 8CNR.
Then lines KNS, @CNR cut one ancthier at some points let
them cut at point N.; Draw perpendicular NL to line HM and
perpendicular NP to line HQ. Then I say that

A3 = 2NL3,,

For GL = DN,
so 4LH. HD + DL2 = DL2 + LNZ

We subtract DL2, which is common, and the remainder

4LH.HD = A, HL = LN2.,
So A ¢ LN = NL & LH.

Similarly we prove that
B.HP = PN? = B.LN,,

So B.LN = PN2 = HLZ,,
So NL s LH = LH : B.
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Translation, Props.l10-11, 204=210

And it-has been shown that
NL ¢ LH = A ¢ NL4
So between A and B are the two mean proportionals LN, LH,

s0A3:NL3=A:B,;
But A = 2B,
so A8 = 2 NLS,

So NL: is the required line. We operate similarly for any
other given ratic.j

And furthermore it is obvious that lines 8CNR, KNS
are parabolas, and that each of them pasgses through point
N: hence the (conic) sections necessarily intersect each
otheryp.

‘One may (also) find two intermediate lines by the
following method: we draw cirecle ABGD; let two. diameters
in the circle, AB and GD, cut one another at right angles,
We cut off two' equal arcs; KD and ZD; from the cirele, and
draw perpendicular Z8 from Z to AB. Join BK.; Then I say
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Pext; Props.10-11, 204-210
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212

213

Translation, Prope.11-12, 210~217
that Z© and @B are continuous proporticnals between ABQ
and 8%, The reason that
A8 : 8Z = @2 ¢ OB is clear.

But I say that Z8 : 6B = 8B : 6H also.
For let perpendicular KL: be drawn from K to AB.;

Then B8 : 6H = BL : LK.
But Bl: = A® and LK = 20,

since ZD = DK and 7@, KL: are perpendiculars.;
So BO : OH = AB : 8Z;

and, as we said, A@ ; 0Z = Z8 : BO.
So the four lines A@, 8Z, 8B, 8H are in continuous proportion,

Let there again be a circle ABGD, with two diameters Prop.

AB, GD, cutting one another at right angles. Let us 12
cut off from the circle successive equal arcs DZ, ZH,

H@, and draw perpendiculars ZK, HIs, 8M to line AB.; Cut

off from the other quadrant of the circle (i. e. AD), beginning
from point D, arcs equal in size and also in number to

arcs BZ, ZH, 0H, namely arcs DN, NS, 80., Let the line
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Translation, Propg.18=18, 217-222

joining B to N cut ZK at P, and the line joining B to S

cut HL: at @, and the liné joining B to O cut @M at R. Then

it has been shown in the préceding proposition that ZK

and KB are continuous proportionals between AK and KP.

Similarly HL and LB are continuous proportionals between

AL and LQ, and M and MB are continuous proportionals

between AM and MR.; So if we construct the perpendiculars

closer than thoge we menhoned and mark points on them

as we marked P,Q and R, and draw through all these points

by means of the curved ruler line BRQPD;; then it is obvious

that if we mark on it (line BRQPD) a point (e.g.) P, and

draw perpendicular PK from it (P) to AB, the result ig that

ZK and KB are continuous proportionals between AK and KP. 4
Then since that is established, if we take line A and

the ratio of line B to line G ag given, and want to find a line,

€. g. S, such that

A3:83=B:G,}

then we draw circle DHZ, making its radius equal to A. In
it too let there be two diameters DZ, @, cutting one

H
[ i
D E A 7
N
A K
B S S
!
PG
Fig. 13 =)
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Translation, Prop.13; 225-2529

another at right angles.; Let a line be drawn in the‘ way we
described, namely line ZK@, and let

DE : EN = B : Gy

Join DN and produce it until it reaches point K of the line
we described. Draw KM as perpendicular to line DZ, and
produce it (on the other side) to (meet the circle at) L., Join
DL, and let it (DL) cut E@ in O. Liet S be made equal to EQ.
Then I say that the required line is S,

For it has been shown in the preceding propositions
that LM and MZ are continuous proportionals between DM
and MEK; and when four lines areé in continuous proportion;
the ratio of the first to the fourth equals the ratio of the
cube onthe first to the cube on the second.; So

B:G=DE:EN=DM:MK=DM3:LM3=DE3 ;50 = 4383,

So if we want to find another line such that the ratio of
its cube to the cube on A equals the ratio of B to G, then
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Translation, Props.13-14, 229-235

Fig. 14

it is clear that if we make the square on A equal to the
product of S and another line (X), then the required line
is X For

X:A=A:S,

sz3:A3=A3:83=B:G.

Since that is so, we shall construct a triangle expressly Prop.

prepared for ourneeds,; so that we do not have the trouble 14
of carrying out that construction for each of the given lines. o

We draw BB at right angles to AB and make B equal to AB.

So when we take arc AD on the semi~circle AGRB,.and con=
struct the rest of the figure, we get in this diagram a right-
angled triangle, AB@, with right angle at B and AB equal

to B8 and two lines drawn in it from its vertex B to base
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Translation; Props.ld4-15, 233~239

G

)

ig. 1A
Fig. 15 3

A8, BZDand BGD, which meet at two common points;iof
these BGD is a segment of the circumference of a circle,
and BZD is the line we mentioned previously. The usefulness
of that (coustruction) will become clear subsequently.
Furthermore we make a circle ABGD in which there
are two diameters,; AB and GD, perpendicular to each other.
Then we draw line BZD as we drew it in the preceding
diagram,; and draw line AD8.
We construct a triangle; ABG, in which AB ig equal
to BG and angle B is right. We also draw two lines; BLS,
BNS,. of which BNS is a segment of the circumference of
a cirecle, and BLS is the line previously mentioned.) Let
line Dbe given, andlet the ratio B : Z be given. We make
AH equal to D, and pass through H a line HKN, parallel
t0 BGyy

Liet AH:HKX =E ¢ Z.

Join AK and produce it to {meet BLS in) L. Lt us pass
threugh L a line, MLR, parallel to BG; and connect points
A and'R by line AR; let it cut HKN at O.; Then it is clear
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Translation, Prop.15; £39=243

Z

Fig. 158

from the preceding propositions that

E:Z=AH:HK = AM: ML = AM3 : MR3 = AH3 : HOS,
And AH = D,

So the required line is HO.

But if D is longer than AB, we bisect it (D), then bisect
its half, and continue this procedure until we are left with
a line legs than AB.; Then we make AH equal to the re-
sulting line, and construct the multiple which the given
line (D) is'of AH, and take a line (X) such that X is that (same)
multiple of HO:. Then X is the required line.|

But (even}) if points K and O are on the other side
of arc BNS, there is no difference between the two cases.
For the procedure is one andthe same,; andtherefore the
proof {is too). For

E:z=AH% : HO3,

Similarly too for the ratio of the sphere on one of the
lines to that on the other, or the cylinder to the cylinder,
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Tronslation; Propg.16=16, £43-248

or any of the (?)subdivisions of the spheére or cylinder, or
whatever follows their essential nature; in every case the
procedure and the proof is the same,

PFrom these propositions it has become obvioug how Prop.
we may find two lines intermediate between two given 16
lines such that the four are in continuous proportion. The
method is asg follows: we make A and B the two lines between
which we want to find two {other) lines so that the four are
in continuous proportion. L.et any other line whatever, G,
be constructed. Set

A:B=G3:D3,
as we have shown above, and let there be constructed a
third line, E, in ¢ontinuous proportion with G and D, and
a third line, Z, in continuous’ proportion with D and E,
Then G, D, E, Z are in continuous proportion. So
G:2=G3:D3=A:By
Construct a line H such that
A M H=G 5 Ds

and another line ® such that

H:@8 =D E
Then A :8°= G B,

And G,D; E; Z are in continuous proportion,

A:B=G:2Z
and A ;9 =G : E,

10

Text, Frops.ls~16, 243-848

L Busdy 205 g oM g
9 ow ooks oGS AW e e ks W
sy dd Jo [LA] LW Jgs o cnnghns onks
b 3% of ap ol ol oddl Jug U
\AL@@}J} o b T e 2 W) Nged ks
o ATl Sy ks oy O s g
s SIS N L e A ST S
b b be S M segdy e b WS
sy bl b wdo ds s Ly L ey W
;\GL&WW&@\}MQNCL@JL&
%ﬁ;ﬁ\g\ggwﬁﬁijﬂg\wzﬂ@
o ks DT ks s (e B S s e S
be g ks 1S A T ls 1 055 U ks srgdi)
wjd Jpwujgﬁ;@wyjjcg}ﬁw
L ls M gww,w@g;@}&j@.z@g)éb
w&u\fw@»@ 1934@3@;@&; Jy .
wﬁ‘)lg,@g) ks K Jes o J@g J@Mﬁ
s sy 1] giwm
I
(bis)ggz&:,@%s

w

(del. u\ml@,g\ et 5‘)‘9’\‘9) ")&3@;\

1

244

245

246

247

248



249
250

251

33
A9 31
[

Translation, Prop.16, 249-252

So 8+ B=HE:Z=D:E=H: 8.
And A:H=G:D=D:E=H: 8y

So lines A, H,8 ,B are in continuous proportion, so we have
found two lines, H and ¢, between lines A and B'in con-~
tinuous proportion with them.

That is the end of what was found of Diocles' Book on
Burning Mirrors. It is finished with the aid of God on high.
Prdise be to God, lord of the worlds, and may God bless our
prince Muhammad and his family, the good and pure; and
grant full salvation. '
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Commentary, 2-8

Diylqiis Here and in some other places (4 [bis], 5,201,188,
-but not 6, 202,125,136,149,252) the ms. displays d for & in
proper names and other words transcribed from the Greek.

I have restored d in every case, dince it represents Greek
pronunciation contemporary with the tranglation (on this
pronunciation see Schwyzer I p.208}. The best treatment

of this and similar phenomvena in Arvabic transliteration is
Daiber, Placita Philosophorum pp.52 ff. (M"Zu den Konso-
nanten in nachklassischen Griechiseh').

On the book's title see Introduction p: 3.

Pythion (Futytn) Nothing ig known about this man from
any other. source, but the ndine is certain. TuStwv is a
theophoric name of a comimon type (cf. Heron, Hephaestion,
Dion), and the name is not rare, but occurs in many parts
of the Greek world. Without attempting an exhaustive
survey, I have noted examples from Athens, Megara, Elis,
Boeotia, Thessalonike, Amphipolis, Parion, Samothrace,
Mytilene, Cos, Rhodes, Magnesia onthe Maeander, lasos;
Miletas, Colophon, Patara and Side. But it is significant
that the name was very comimon indeed on Thasos: in the
prosopography of Thasos, Ftudes Thusiennes V pp.253-311,
it ig one of the two most common names (44 examples,
none of which can with good reason be identified with "Pythion
. the geometer'™). The name was so popular on Thasos because
Pythian Apollo was the prineipal deity of the community
{on the connection of Greek names with local deities seée
Lietronne, "Etude des noms propres grecs' pp. 35-49; cf.
L. Robert, Opera Minora I p.460: "ce serait une étude
attachante. . .de rechercher dans quelle mesure on peut
coneclire d'un nom thésphore & l'existence d'un sanctuaire
du dieu dans le pays'). The temple of Apollo, the Pythion,
was the chief shrire on the acropolis of Thasos. (The other
most common name on Thasos; also- with 44 examples in
the prosopography; was Herakleides: Herakles wag, besides
Pythian Apolle and Athena Poliouchos; the most important
deity in ancient Thasos).

sllagi min ahl Tasis This is & translation of & 8dduog

(the misspelling Tasls for Tasus is probably due to the
translator's ignorance of the noun from: which the adjective
is derived). Cf.Apollonius Conics IV Introduction {(ms. Marsh

138

Commentary., 34

667, 70T marg,): Udimis alladl min ahl Bargamus = EJ6nuowv
wov lepyoaunvdvy Galen, On Cokegsive Causes (ed. Liyons p. 54)
Atinaus alladl min ahl Atalya = 'Adnvalog & "Attareds
{for the latter see Galen, ed. Kithn XIX p.347).

Conon (Quniin) Conon of Samos, the well~known mathe-
matician and astronomer, dated by his naming of the con=
stellation Coma Berenices in honoy of the consort of Ptolemy 11l
Euergetes, probably in 246 B.C. (hence Pythicn too can
be dated to the mid=third century). Archimedes mentions
Conon more than once as a former friend and mathematical
correspondent who is now dead (Sphere and Cylinder 1 Pref. ,
II Pref., Heiberg I pp. 4 and 168; Spirals Pref., Heiberg I
p-2; Quadrature of Parabola Pref., Heiberg II p. 262). On
Conon in genieral see Rehm, RE; Bulmer-Thomas, "Conon',
The same transliteration of the name is found in ms.
Marsh 667, 707 (Apollonius, Coniecs IV Introduction).

Zenodorus The readings of the manuscript, >byudém=-s
there) and ’ynudam-s (5), do not correéspond to any possible
Greek name. The emendation to ZinUdurus (or possibly
Zinudurus) is certain: for confusion between alif and zay oy
ra in this seript ¢f. 465 where the ms, (p. 115 line 4) has
"AT"-for "RT". Zenodorus was a mathematician of the early
second century B.C., best known for his work On Figures of
Equal Boundary, parts of which have been preserved by Theon
and Pappus. He is also, however, known asg an astronomer
(listed as one of of wepl Tto¥ ndXov cvvrdEavies in ms.
Vat. gr. 381, published by Maass, Avatea p.123). Both
interests are confirmed by this passage, where Zenodorus
is referred to as "the astronomer™; but he asks a question
of mathematical import (though he may also have been inter-
ested in sundial theory, ¢f. 21); He was associated with

the Epicurean philosoplier Philonides, who wasg alse an
acquaintance-of Apollonits: see my detailed discussion of
the evidence for the datinig and identification of Zénodorus

(" The Mathematician Zenodorug'), where I also tentatively
suggested that he was a member of & prominent Athenian
family from the deme Lamptrai, among whom the name
Zenodorus: was hereditary. On the importance of this passage
for the dating of Diocles see Introduction p. 2,
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Commentary, 4=8

Arcadia (Argadiya) However one translates in detail (gee
next note), one must conclude that Diocles was living in
Arcadia and that Zenodorus came to visit him there. See
Introduction p. 2.

was introduced to us I have emended "fi~h3!" of the ms. to
"la~na'. If the ms. reading were kept, we should have to

translate ""was appointed to a teaching position there', which
is less appropriate, though perhaps possible.

we shall make uge...predecessors This statement is amiply
borne out by Prop. 1, where a number of theorems i conics
are silently assumed. See 40,41, with notes,

‘amila-ha My translation {''solved practically") is meant
to imply, not necessarily that Dositheus actually constructed
a parabolic mirror, but that he stated the focal property

of the parabola, perhaps without giving a formal proof. See
Introduction p. 16.

Dositheus Our best information on this man comes from

the preface to Archimedes' Quadrature of the Parabola
(Heiberg II p. 262}, where Archimedes, addressing Dositheus,
announces that, hearing that Conon is dead and that Dositheus
wasg a friend of Conon and versed in geometry, he has

decided to send the following treatise to him instead of to
Conon. Dositheus is also the addreéssee of Archimedes’
treatises On the Sphere and Cylinder, On Conoidé and Spheroids
and On Spirals. He is given as the authority for the dates

of rising and setting of various stars in several sncient
calendars, and is named as the author of other lost works
dealing with astronomy and the calendar (see Hultsch, REJ.
‘The information here, that he recognized the focal property
of the parabolic mirror, is new, but it is not surprising

that he investigated conic sections, in view of the subject
matter of the treatises addressed to him by Archimedes,

and the interest of his friend Conon in the field (see Apollonius,
Conics IV Pref., Heiberg Il p, 2).

The reference is to Prop, 1 {38-67)

Here is enunciated the focal property of the paraboloid
of revolution. It is proved in the first part ¢f Prop. 1 {38~50),

140

Commentary, 8+=9

gat‘i ’l-makriiti *1-ga’imi *l=zawiya This is a literal trans-
lation of Touﬁ nivou dpdoywvioy (section of & right-angled
cone'), the pre~Apollonian term for parabola (see-e. g.
Archimedes, Conoids and Spheroids Pref., Heiberg I p. 246,
165 cf. Eutocius, Comm. on Apollonius I, Heiberg II pp. 68-70).
It is the only term for parabola used by Diocles. On the
significance of this see Introduction p. 9.

al-katti ’lladi yagsimuhu bi-nigfayni This, which is the
standard term in this text for the axis of the parabola {cf. 38),
probably translates % Suyotouoloa. Compare -Apollonius,
Conies II 10 (Heiberg I p. 208, 1), 17 dixotouodon SLaueétoy
(which refers, however, to 4 hyperbola). It is noteworthy

that Diocles uses neither the old Archimedean term SUIUETHOC
nor the aew Apollonian term &fwv (cf. noteé on 9, pp. 141-9),

whose distance from the surface The distance must of course
course be measured along the axis.

al-katt alladl taqwa ‘alayhi al-a‘mida etc. This translates
[this e09elag] mop’ v 8¥vavTol al mpog d0o%d¢ Sydpevat
vel sim. Cf. Archimedes, Conoids and Spheroids III (Heiberg I
p-272, 16-17), nap’ ‘dv &¥vavrtot al dnd tas Touds; Apollonius,
Conics 1 15 (Heiberg I p.60,5) tap” *Av 6¥vaviat af &l

v AB noetaydueval tetoyuévec. THis use of "qawiyal, as
noted by Nix, dpollontius p.15; is a calque on the Greek
sdvaiodal,, which can only be paraphrased in English (e.g.
"be equal in square to"). A &dvartau BI' means "AZ = BG".

It is combined with noapd only in this expression nup’ 'nv
§UvavTan #TA, which is the standard way of expressing "the
parameter” for all three sections in Apollonian conics, so
that it is even used as a noun by Pappus (Collection IV 65,
Hultsch I pp. 278-80), SnepBorfy, hg map’'dv sdvoviar £otay
f Xoumd) eOSete, "a hyperbola, whose parameter will be

the other straight line". However,. the expression is pre-
Apollonian, at least for the parabola, as was already known
from a single occurrénce in Archintedes (quoted above);

and is confirmed by the present passage. On the expressions
for the parameter of the parabola and the explanations for
them see Introduction pp. 6, 7; 13.

al-a¢midat allat] tukraju 113 I~sahmi This translates of
wddetot ol dyduevar &nt tov &Eove, cf. Archithedes; Conoids
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and Spherotds X1T(Heiberg I p.312, 6-7), T8V, . HOYELWY. « o THV
dyouevdv dnd tég topds &nt tdv Al.''sahm!" is the standanrd
Argbic translation of &Ewv, "axis!', e.g. Apollonius,

Conies 1 Definitions (ms. Marsh 667, 6V lines 20-21), "wa~
usamm?i al-katt al-mustaqim. . .sahman" = §Eovoa &€ HAAH« ..
ed9elav, Hrus wth. Diocles' use of JEwv here at first sight
seems to conform to the practice of Apollonius, who uses

it for the axis of the sections as well as of the cone, and not
to that of Archimedes, who always uses Sudustopos for the
axis of the sections. However, Archimedes does use GEav

for the axis of a conoid (an example of both usages is

Conotds and Spheroids XII, Heiberg I'p. 308, 27-28, dEwv 68 ;
ot ToU nwvoeLsfog ual Sudpetpog e touds & BAY, ‘ 13-14
which is exactly parallel to the situation here, for Diocles

is referring, not to the parabola, but to the paraboloid of

revolution.

Reading and sense are uncertain. One would expect rather: ! 13
Ythe greater the increase in the conic section, the greater

the increase in the surface'. But the Arabic makes a kind of
sense, if one removes the words "ala qif‘ati da’iratin',

("to 'a segment of a circle'), which are meaningless in context.
It is possible that Diocles wrote something likes "if the
above~mentioned eonic section iy increased (in area) by a
given arount, the surface will be increased in the same 15
proportion, since the first is to the second as the radius
of a circle to its circumference', andthat this hag been
garbled in translation or transmission,

1637

yuzadu The inperfect is odd: one expects the perfect in
both protasis and apodosis, as réquired by the grammarians
(see Wright II p, 14), and as found in the similar expression
52 "kullamd kana al-baslt a‘zam kanat al-$u‘a‘at. . . aktar",

from a spherical surface the rays ave reflected to a straight !
line See Prop.-2 (68~77);, where Diocles shows that all rays 3
parallel to a given diameter of g spherical mirror are reflected
retflected through one quarter of that diameter (AH in Fig. 2)

people used to guess that they are reflected to the center
Exactly the same information ig provided by the author of
the Bobbio Mathematical Fragment (Mathematiet Graecil Minores
p.88), who says that the ancients supposed that burning
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takes place about the center of a spherical mirror, but
Apollenius in his work on the burning=mirror proved that
this was false and showed where the burning would take
place. It is likely that hie is in fact referring to this work
of Diccles {see Introduection p. 20). These "ancients" caniiot
be more precisely identified. The only other relevant text
is the second part of Prop: 30 of the Catoptrics ascribed

to Euclid (Heiberg pp. 340-42), which is-an-absurd "proof"
that burning will occur at the center of a. spherical mirror.
On the date and nature of this text see L.ejeune, Recherches
pp.112-386.

See Prop: 3 (78-96), in which Diocles shows that all rays
parallel to a diameter of a spherical mirror reflected from
a 60° segment of the sphere pass through a small section
(less than 1/241th) of that diameter.

place (mawdi®) This expression, rather than “point"
(nugta), is used because rays reflected from a spherical
mirror of arc 60° pass through a small section.of a straight
line (see preceding note). The Bobbio: Mathematical Fragment
uses the phrase nept Ttéva ténov inthe same context
(Mathematici Graéci Minores p.88, 11},

later 53-67, q.v.

This geetion s full of textual and historical difficulties

. to which I have no solution,; or only a tentative one, I have

little confidence in the text and translation presented for
22-27, and am doubtful about several other places. I suspect
that the source of some of these difficulties is the failure

of the Arabic translator to understand the Greek original.
Butf for all its uncertainties the section is of great historical
interest. If Iinterpret him correctly; Diocles says that

the solution to Pythion's problem enables one to eonstruct

a sundial “without a gnomon', which indicates the hour

by "burning a trace. I can explain thig only as an appli-~
cation of the surface described at 53-58, which is produced
by the revolution of a parabola such that its focus describes
a semi-circle in the plane which is perpendicular to the
plane of the parabola and containg the axis of the parabola.
Then, if the surface thus generated is constructed out of

a reflecting material, and set up so that its axis of symmetry
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points towards the sun at culmination, at equinox (whern the
sun is in the celestial equator), at any instant of the day

the plane passing through the sun and the center of revolution
of the surface (point E in Fig. 1) perpendicular to the focal
semi~circle will always intersect the surface in a parabola,
Thus the rays in that plane will-all be reflected to a point

on the focal semi-circle. If, therefore, a narrow strip of
burnable material, such as wood or papyrus, were somehow
positioned along the focal semi-circle, a line would
(theoretically) be gradually burned along it by the reflected
rays as the sun progressed during the day, and one could
tell the hour by the progress of the burning (the strip could
be divided into twelve equal parts and marked with the

hour numbers).

The above interpretation fits the description at 16-17,
including the statement that the mirror does not need to be
turned to face the sun, and I am fairly certdin that it is
what Diocles intended. However, apart from the practical
difficulties of construction; there are theoretical cbjectiong
which make this type of sundial an impossibility. The most
obvious of these is that the daily path of the sun lieg on
a great circle only twice a year, at the equinoxes. At other
times it lies on a small circle, and however the mirror weére
positioned, the rays which intersect it in a parabola at any
given moment would not be parallel to the axis of symmetry
at any time during the day, and thus would not be reflected
10 the foecal semi-circle. A furtheér objection is that it is
doubtful whether the rays in a single plane {as defined above)
would be enough to cause burning when reflected to a point,
unless the mirror were of incredible gize.

Nevertheless, Diocles seems to discuss this "sundiallt
as a serious alternative to the conventional sundial with a
gnomon; saying that it aveoids the objection which has been
brought againgt the latter, namely that it entails the assump~
tion that Yevery point on the earth can be treated as the center
of the earth'; i.e. that the earth's radius is of negligible
size compared with the sun's digtance, or that solar parallax
can-be ignored. Both modern and:ancient sundial theory
does indeed ignore solar parallax, and rightly, since it
amounts to only a few seconds of are at-maxithum, (Sée, e. g.
Ptolemy, Almagest I 6, Heiberg I p.20: one of the proofs
that the earth has the ratio of a point to the heavenly bodies
is that gnomons in any place on edarth behave as if they
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were at theearth's center). However; in the time of Diocles
the sun's distance had not been accurately determined

(see note on 20, p.146); and it was still possible to argue
(19) that the distances conventionally assigned to it might

be too large, and that solar parallax is not negligible; hence
sundials with ghomons are inaccurate. Diocles himself admits
that solar parallax is negligible (22~24), but agrees with
those who say that it is better to avoid thig assumption (21),
and maintains that his mirror sundial, which does not use
the assumption; is theoretically more accurate than the
griomon: type (24).,

gnomon. For the various terms for Ygnomon' in Arabic,
including "miqydas", the only term used in this treatise, see
Schoy, Gnomonik p. 5.

above-mentioned figure The figure ($akl, cf. 8) is that
mentioned in 15, and described; if I am right, at 5358,

the astronomers Though he ig thinking primarily of sundial
theory, it is probable that Diocles is reférring to all branches
of astronomy. For in his time theoretical astronomy was
mostly "spherics' of the kind represented by the extant works
of Autolycus and Euclid, in which the earth is indeed treated
as & point (e. g, Buclid; Phaenomena Prop. 1, especially p. 12
lines 9-10 (Menge). Even in the developed astronomy of

the Almagest the effect of parallax is neglected in all topics
except the position of the moon and eclipse theory, -and
Ptolemy devotes a whole chapter (I 6) to the thesis that the
earth has the ratio of a pointinrelation to the heavenly bodies,
Except for the very special case of Archimedes in the
Sandreckoner {(on which see Neugebauer, History of Ancilent
Mathematical Astromomy 1L pp. 644-45), we know of no case

in which a Greek astronomer took parallax into account
before Hipparchus, who wasthe first to determine the
distance of the moon in terms of the earth's radius with
reasonable dccuracy (see Thomer,; "Hipparchus on the
Distances of the Sun and Moon'). Proclus (Hypotyposis IV

54, ed. Manitius p. 112) says explicitly that solar parallax

is neglected by writers on sundial theory (Tol¢ yvwliovinoTy)
and onr analemmata.
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30 million stades. .. 50 wmillion stades The manuscript has
tthousand! (alfa) instead of “million" (alfa alfi) in both
cases.: I have corrected the text asg if it were a scribal-error
(haplography), but since the error oceurs twice; it ig perhaps
due to the translator. The Greek must have been ,y’ (,e’)
HopLdses oTadluwy, 3000 (5000) myriads of stades'; this

¢an be read as "3 (5) myriads of stades™ by simple omission
of a diacritieal mark; and since the translator probably

had no conception of the gize:of a stade, that would be a
plausible reading. However, it is certain that Diocles must
have written t'million'; for we have some information on

on estimates of distances between the celestial spheres made
by his predecessors and contemporaries. The work ascribed
to Hippolytus, Refutation of all Herestes, gives the distances
in stades from the earth to the moon according to Aristarchus
of Samos, Apollonius and Archimedes, and the distance from
moon to sun, sun to Venus ete. according to Archimedes

(IV 8-11;, Wendland pp.41-43), The distances from earth to
moon range from about one million to about five million
stades; and the distances between the other bodies from
about 20 million to about 6@ million stades. In particular, the
distance of the sun from the earth (which is what Diocles is
really interested in here) is, according to Archimedes,

55, 806,195 stades (obtained by adding the distances earth-
moon and moon~sun, Wendland p.41, 13-15). It is typical of

early Hellenistic astronomy to give the distances in stades,

rather than in earth-radii, which becameé the norm after
Hipparchus.

stadyun This probably represents; not the nominative
singular otd&iov, but the genitive plural gradcuv {(which
confirms that the original formulation was in myriads, see
preceding note). The translator simply transliterated the
word as it stood in his exemplar. In the Arabic translation
of Ptolemy's Planetary Hypotheses the word is consistently
rendered by “astadya', which similarly; we may conjecture;
represents grdbie in the original: see Goldstein's edition,
e. g. p. 3%, 3.

this second opinion The reference is,not to the 50 million
stades as opposed to the 30 million, but to the opinion of
the mathematical scientists (namely that the distances are
of the order of 30-50 million stades) as opposed to that

of those who scoff.
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"fi-ha't refers to "al-sabil" (which can be feminine),

time~measuring instruments which itge the shadow 'al&ti
’l=safat' (literally "instruments of the hours"} certainly
represents Gpoddyub, a standard term for “sundial., “gllati
yusta‘malu fi-ha al-zill" probably répresents ontoSnpund
or onvaxd. It is purely fortuitous that outodnpiuds is rot
attested before Strabo (Geography I 5 24, Aujae p.107); for
that very passage is 4 quotation from Eratosthenes:

adTdgs 6 SLA THY oHLOSMPULUBY Yvwudvey dveupely (the
distance from Rhodes to Alexandria), so the word was
probably in use by 250 B. C. In fact Pliny (II 187, Beaujeu
p. 82) attributes the invention of "horologium. guod appellant
sciothericon™ {0 Anaximenes (sixth century B.C. ), cf.
Suidas (Adler I p.536, s.v. yuduwv): Siep €pebpev
"AvaEluavdpos xol €otnoev ‘enl Ty onuodhpwv. A
onLoudy GpordyLoy is mentioned in-an inscription-of
Pergamum, IGR 4 no. 2983 c¢ol. I line 35, one of a series of
decrees in honor of the well~known Diodorus Pasparos, and
thus datable to soon after 130 B.C. (for the precise date of

125 B.C. for this inscription see Robert, Opera Minora 1 p.156).

giyas The sens¢ is dubious, Ihave translated "analogy',
taking it to-refer to the analogy between pogition on the
surface and position at the center; mentioned at the énd of
the sentence. However; it can equally well mean Yexample!
or even “hypothesis". In texts translated from the Gredk
"giyas! usually represents dvoiovtde, but it may also repre-
sent the simple Adyo¢. Thus éx Advoyu in Galén's The Best
Doctor is also a Philosopher (Sevipta Minora IL p. 5, 18), which
meang simply "by reasoning", is rendered “mina l-qiyag"
in the Arabic version (Bachriann p. 20 lirie 80).

What could a sundial which uses the shadew but does not have
a gnomon be? It is true that there is known from antiquity

a type of sundial, with a spherical i"eceiving surface; in
which the gnomon is replaced by a hole cut in the roof of the
instrument, so that the whole surface is in shadow, arnd

the hour is marked by a ray of light. (On this "roofed
spherical dial" see Gibbs, Sundiales pp.30=31 and nos.

9001G ff. ; for a published examiple e, g. Diels, Antike
Technik Pl, XI and pp. 25-26). But this is a trivial variation
on the gnomon, and is opén to exactly the same objection of
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ignoring possible solar parallax as the gnomon itself (see
note on 16-37. p. 144). The only way for this senténce to make
sense is if it refers to the mirror sundial mentioned 15-16.
But such a dial does not "use the shadow!'. It is possible
that the mention of the shadow here is due fo Diocles! using
dpordyLa ontond as a general term for "sundials' (as
opposed to e.g. waterclocks, which are also called GpoAdyras
see LSJ s.v. ), even for those sundials which use ray

rather than shadow; or, less probably, to the translator's
using the whole phrase "alat. .. al-zill" to render the simple
wooAdyLov.

The translation of this sentence is merely a stop-gap, relying
on extensive emendation of the manuscript text, which is
probably irremediably corrupt.

It is hard to guess to what surfaces Diocles can be referring,
especially since no treatise on sundials survives from
antiquity. Of the actudl surviving ancient sundials, the
shadow-receiving surfaces are either plane, spherical or
conical. One might conjecture that the conical surfaces
are among those described as Yvery difficult to make', but
in fact over a hundred examples survive from antiquity,
more than of any other type (see Gibbs, Sundials pp. 34-42
and nos. 3001 to 3303). The invention of the type of sundial
called Yconus" (presumably with a corical surface) is
ascribed by Vitruvius, IX 3.1, to Dionysodorus, a con=
temporary of Diocles. In the same pagsage Vitruvius men-
tions several other types of sundial, not all of which can
be identified with certainty.

gquwan-humd = One might perhaps interpret the ms. reading
as a vulgar spelling of "aqwa-huma' (Vthe stronger of the
two"), and translate: "the base of the stronger of the two in
burning'. But my emendation makes better senge,

foot The foot (no¥g), though less commion as a unit of
measure in Hellenistic times than the cubit (¢f. 31), occurs
quite frequently. There ig a contemiporary exatiple in an
inscription from Lebadea concermng the bulldmg of a temple
SIG® 972,106, un Exottov n ent &6o nddog &x Tol apooidvrog
dpuod. Cf. also [Heron], Geometrica, Heiberg p. 184.

ahra (more likely) Literally, "more fitting''.
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sab‘a {seven) An equally possible way of reading the ms.
in both places is "tis‘a™ ("nine"), but this is immaterial
to the sense.

I suspect this passage of being an interpolation in the

Arabic tradition, but cannot prove it. The suspicious features
are (1) the alleged use of glass to make lamps; (2} the
emphasis on the remoteness of the cities where the sacrifices
take place; (3) the promise to do the same trick (which is

not fulfiiled in the work as we have it). However, there is
nothing in the passage which is specifically un-Greek. There
are many examples of the use of scientific principles to
produce "miracles’, especially in temples, in Heron's work
on pneumatics, which certainly draws on earlier Hellenistic
tradition (see e.g. Heron, Pneumatics, Schmidt I Props. 12,
17,32,38), Since theingide of Greek temples was dark,
lamps were naturally a standard item of equipment in them.
A good collection of references to lamps in temples in papyri
and ingeriptions is given by Robert, Etudes Anatoliennes

p. 33 n. I, However, the use of glass is odd. There is no
mention of glass lamps before the fourth century A.D. (see
the invaluable monograph of Trowbridge, dncient Glass,

pp. 190-91 for references), and the use seems characteristic
of Byzarntine times and Christian churches (ibid. ). If our text
is to make sense in context, it must refer to a reflecting
surface: Glass mirrors were known in antiquity; but again
the references are late, (The earliest is the elder Plity,
see Trowbridge pp. 184~86, Kisa, Das Glas <m Altertume

pp. 357-59; ibid, pp.360-61, references to extant examples,
the oldest allegedly from Ptolemaic Egypt). I suspect,
however, that the writer of these lines was, confusedly,
thinking of the burning-glass. This was known from at least
the fifth century B.C. (Aristophanes, Clouds 768, withthe
scholia ad loe¢. , quoted by Trowbridge pp. 178+-79; see Kisa.
p. 357 for references to extant glass lenses from.antiquity).
If the reference is indeed to a burning-glass, it is so in=
apposite here that it is impossible to ascribe the passage

to: Diocles; ‘

Prop. 1. Proof of the focal property of the parabola.

For other ancient and medieval proofs see Appendix B.
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From now on I use the modern terms "pafabola”, Maxig',
ete. , instead of the archaic "section of a right-angled cone",
"line which bisects it", ete., which are used throughout

by Diocles,

It is significant that the half-parameter ig drawn as

part of the figure and connected at B. I believe that it should
be dravwn as in Fig. 1, for it ig perpendicular to BE, as is
clear from 60; but it must be imagined as perpendicular to
the plane of the parabola; it then represents the distance
from the vertex of the parabola to the apex of the right-

angled cone from which the parabola is generated. This

corresponds exactly to the Archimedean nomenclature for
the parameter, the "double of the distance to the axis" (see
Introduction p, 8). In other words, BH represents a real

line in three-dimensional space, and Diocles is using not 42
only the pre~Apollonian nomenclature, but also the pre-
Apollonian definition of the parabola. (For an unresoclved 44

difficulty here see Introduction p. 18 n. 5}

AB = BG [ e.; the distance from the point where the

tangent meets the axis (produced) to the vertex equals the
distance from: the vertex to the ordinate from the point of
tangency. This is stated by Archimedes (in a more general
form applicable to any diameter of the parabola and not
merely the axis), Quadrative of Pavabola IL (Heiberg II p. 226),
and said to be proven "in the elements of conics™ (oni the
meaning of which see Introduction p.5). It is proven by
Apolloniug; Conzes I 33 and 35,

meets AZ beyond B This is far from obvious, and since

it is stated without proof we may agsume that it too was a

theorem in "the elements of conics", It is a consequence of

the theorem that the subnormal, GZ, is-equal to the half-

parameter {see next note). Since BE equals the half-parameter

(39}, GZ equals BE, and since the perpendicular from the 45
tangent falls at G below B, Z must likewise fall below E.

GZ = BH I e. the subnormal is congtant and equal to the
half~-parameter. That this too was a theorem in the "elements ;
of conics" is shown by its being assumed without proof here
and by Archimedes, On Floating Bodies 11 4 (Heiberg II p. 358; but
Heiberg's figure is wrongly lettered, and some of his notes
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incorrect; see rather Heath, Archimedes pp.268-69). It can
be proved sinmiply, e. g. as follows (cf. Dijksterhuis; Archi~
medes p.. T4):

GZ.AG = 6G2 (from the similar triangles 6GZ, AGS)
8G2 = 2BH.BG (basic propertyof parabola,ef. 123, note)
but AG = 2BG (see note on 55)

S GZo= BHL

Curiously, Apollonius does not mention this property of the
parabola in the elementary section of his Conies (Books Ito
IV). It can be derived only by combining the results of V 13
and V 27. This shows that there was more in the "elements
of conics! than can be found in Apollonius® Yelements',

GB = BA See 40.

triangle A8Z... DO = DZ Cf. Euclid III 31 (angle in semi~
circle),

The use of single letters (different from the letters

marking the points of the figure) to denote angles is rare;
and is probably another archaic feature of our text. It never
oceurs in the existing versions of Euclidts Elemerts. It is
found, however; in Aristotle, e.g. in his proof that the base
angles of an isosceles tridngle are equal, Prioy Analytics
124, 41b5-22, and in the Catoptrics ascribed to Buelid (Opera
VII p. 288 and passim) Both Aristotle andthe Catoptrics,

like Diocles, use "angle AB' to mean "angle A plus angle B,

A =PQ No use is made of this in the proof. Note however
that in the proofs of this property in the Bobbio Mathematical
Fragment and ibn al-Haytham (Appendix B}, the equivalent
statement is used, together with the equality of angles A and
T to prove the theorem,

fal-yujaz Here and in every other place in the work where
"li-' plus the passive of the IVth form of a hollow verb occurs
we find this strange form (instead of the expected “yujaz' etc. ).
See 66,113,131,163,237. Ilegve unanswered the question
whether we should interpret this as an aberrant form of the
jussive or an abervant usage of the subjunctive (against the
latter would count the regular use of the jussive-in "li-yakun's,
which occirs many times in the work). See also note on 238.
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The use of "jaza" IV here is standard. Cf. Nix p. 13
{equated with sudyeiv) and e.g. ms. Marsh 667, 11V,
"wa~nujizu ‘ald nugta M kattan muwaziyan li=katt DH ¢alayhi
MIN" = wot Sud Tob M T AE napdAinios Axdw f MN
(Apollonius, Conice 112, Heiberg I p.44, 13~14),

brass {gufrin) One would expect "bronze', which was the
material from which ancient mirrors were normally made.
It is possible that the translator rendered xoAinds ("bronze'')
by "sufr': there seems to be no specific term for "bronze"
in Arabic; the modern language uses "brinz'", which is
simply a transliteration of the European term. However,
there is no doubt that the usual meaning of "sufr" is "brass'f,
as one would expect from the etymology (the root sfr means
"yellow", which is applicable to brass butf not to bronze);
The only examples I have found of yaiuds being rendered by
Tsufr" are in Themistius, De Anima e.g. p. 99,14 Heinze,
Botep yoAweuTiun TolU Yaiwol = 'mitdl dalika anna sind‘ati
’1-gaffarin karija ‘an al-gufri' (Lyons p. 179,13, cf. ibid. 9,16;
179, 15). It is normally translated as "nuhas' ("copper'): ibid.
46,135 99,3; Heron, Meghanics II 1 (Nix p. 95, 11) “min
nuhasin'' = yoxweds (ibid. p. 272,22).

If we were to assume that ""brass' were the correct
translation of what was in the Greek, the only word that
it could represent would be dpelyoinos. This in turn
presents a further difficulty. It is most unlikely that all
mentions of 6perotMog in extant texts refer to brass,
particularly in earlier periods (it oceurs already in Hesiod),
But it is certain-that in Roman times "'orichalcum' nor-
mally meant an alloy of copper with a high percentage
(about 20%) of zine, i.e. what we should call brass. There
is a large modern liferature on the meaning of dpelyoinog
and brass manufacture in antiquity. The best discussion
is by Caley, Orichaleum, especially Chs, III and VIII, on
the origin and manufacture respectively. Also of some use
ig Forbes, Aneient Technology VIIL pp. 272-86., On present
evidence it is hard to be sure whether brass was produced
in the Greek world during the edrlier Hellenistic period,
and; given the unicertainties of the translation, ocur text does
not provide an answet, It is true that brass would be a
suitable material for the kind of mirrors Diocles envisages,
since it can be polished to a high shine, and can alge easily
be hammered to a desired shape. But, even assuming that
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Spedyarnog stood in his text, he may not have meant "brags',
For Ethel Eaton suggests that in éarlier times dpelyoinog
meant "arsenical copper''; which was used to plate metal
objects with a very shiny surface. It would be especially
appropriate for a mirror. In the fourth century B.C. Plato -
(Critias 116cl) mentions dpelyaknog as a metal with a''fiery
resplendenice! {liappopuyds Exovru Tupddeus)s and in the
third century Callimachus refers to a reflecting surface,
perhaps a mirror, of that metal (Hymms V, 17-20, oloete
unde wdtontpov...o0t’ &g dpedxoinov weydio Yedg. .
E€Bregev). There are three fourth-century Atti¢ inscriptions
mentioning the metal, which are of importance as attesting
the real use (as opposed to literary allusion) of a substance
with that name at a comparatively early period. These are

IG 112 1416 line 1, 1517 col. II line 83 and 1533 line 24,

The last two are lists of dedications of objects, to Artemis
Brauronia and Asclepius respectively. The dedication to
Agelepius is of "two chains' [i.e. ornamental chains, such
as necklaces ] Wone of copper, the other of iron, the first
being of Spelyoinos”. This provides considerable support
for Eaton's identification,

The operdtions deseribed will indeed cause the parabola's -
focus, D, to move on a circle (or rather semi~¢ircle), but
the result will not be a surface from which the sun's rays
are reflected to a circle. For the rays will no longer, as

in the case of the parabolie mirror (51-52) all be in a plane
containing a parabola. See Appendix I, where it is shown
that most rays arve not reflected through the locus of D. It
is not easy to determine what curve in the plane of that locus
the rays are reflected through, or indeed whether there
exists a curve in that or any other plane through which all rays
are reflected from the surface. It was certainly far beyonad
the capabilities of ancient mathematics to answer such a
question. However; rather than attributing to Diocles the
simpletonts error of thinking that by moving the focus in

a circle he ensured that the rays were reflected to a cirgle.
Ibelieve that he is taking into’ account the motion of the

sun during the day. For if the plane perpendicular to the
plane of the paper and passing through AZ is get up in the
plane of the equator, then (at least at the equinoxes), at any
moment of the day the plane perpendicular to the plane of
the equator passing through the sun and the center of the
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53

56

57

59

60-62

Commeritary, 63~60

semircircle which is the locus of D will intersect the surface
tormed by the rotation of FBM in a parabola; and thus the
rays in that plane will all be reflected to a point on that semi=
circle. See note on 16-37, pp. 143~4, where the possible
application t6 a sundial is discussed.

which is like a chord of section BBM Since there exists

no Greek term corresponding to chord™ (M"watar'™) (the
nearest is al &v wdudy eV¥etal, "straight lines in a circle'),
thig otiose statement is probably an interpolation in the
Arabic.

radius Literally, “the line drawn from the center to the
circurmference", almost a word for word translation of the
standard Greek term, h &% ToU wévTpou.

perform those other operations I e., comstruct a parabola
ete. (see Prop. 4 for the method Diocles uses to construct
a parabola from a given focal distanece).

bi-atyani-hd The plural is used because of the previous
plural "al-agyd’". For the expression cf. Georr, Catégories
p. 235 no. 179.

somie plane Any plane through FE will do, since it is the
axis of revolution.

The motion deseribed will indeed generate a surface from
which the rays will be réflected to the circumference of

a cirele (if the axis of revolution coincides with the direction
of the sun). However, thé description of the motion is
incomplete, since we are not told how the line BM behaves
during its revolution, Does it, for instance, remain parallel
to itself? This would produce 4 self~intersecting surface.

It seems far more likely that Diocles envisaged it turning
ihiformly about the circle BLN, so that the parabolic arc
BM always lies in the same plane as the radius of circle
BLN on which B lies. The motion of BM round the arbitrary
curve BLN of 63=67 could be governed in a similar way,

by designating some point within the curve ag its "center'.
The rvesultant surface {in the case of a circle) would be a
modified paraboleid; similar to that produced by rotating

a parabela about a diameter other than the axis.

154

60

65

66

68~77

68

Commenitary, 60-68

I have drawn both BH and cirele BLN, according to the
ancient convention, as if they lay in the plane of the original
parabola, but in fact both lie in planes at right angles to

it. For the location of BH see note on 38.

size and shape literally, “amount! (#migdar').
wal-yudar For the form see note on 45,

which is tangent to the curve. .. BLNI Perhaps this clause
should be omitted as a (scribal} repetition of the clause
just below ("which is tangent to curve BLN'), Certainly BM
is not "tangent! to BLN in the mathematical sense (whereas
ZB is). One can say loosely that it "touches" it, Or did

Diocles miean that the tangent to BM at B lies in the plane
of the curve BLIN?

at r%ght angles I e. B and every point on BM move on planes
at right angles to the "established plane',

After "the established plane" the ms. adds "which is the
plane which passes through line BH". I have excised this
phrase as a stupid gloss interpolated in the Arabic tradition
(perhaps due to & misunderstanding of the conventions of the
figure, see note on 60). BH (see nioté 6n 38) lies, not in the
plane of the paper; but in a plane at right angles to it.

fixed in its original position Not stationary (hence "lazib",

%9; "'tabit"), but always perpendicular to the plane of curve
N.

Prop. 2. In & gpherical mirror all rays parallel to a given
radius are reflected through the half of that radius nearer
to the surface,

A similar proposition is proved in the Bobbio Mathes-
matical Fragment, Mathematici Graecti Minores pp, 88-89,
Euclid, Catoptrics Prop. 30, first part (Heiberg p. 340),
"proves'tthat all rays will be reflected to points on the
radius between the center and the circunmiférence.

some line This should rather be "'some radiug'', as is
obvious, since the center B lies on the line,
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69
72

73

74

75

76

77

78~96

78

79

81

Commentary, 69-81
BLM = BLLG For LM = LG {constriction),
Euelid III 7.

LE >EG Euelid IIT 7

ép = ﬁ@ For GL: = GZ (constriction),
Qb =& By construction (70).

BX > XA Proof: since D = R, BX = GX. But GX > XA (cf.

the proposition of Euclid utilized in 72 and 73), therefore

BX > XA, This is a rather large jump over intermediate
steps, and perhaps we should posit & lacuna in the manuscript
(easily explained by haplography; the eye of the scribe going
from one mention of BX to the next). However, omission

of obvicus intermediate steps is characteristic of Archimedes,
and Simplicius (Comn. on Physics: A 2, Diels p. 60, 29-30)
remarks that it was "the ancient manner™ to set out proofs .
summarily, so we may regard this as a sign of archaism in
Diocles. For an even more drastic example see 83,

pass between points A and H For & = GO (75), hence SG
is reflected as GX, and X lieg between A and H.

For C > § (74), theretore T, where the reflection of FL
cuts AB, is nedrer to A than is X, where the reflection of SG
cuts AB.

Prop. 3. In & spherical mirror all rays parallel to a given
radius striking an arc of the mirror 30° either side of that
radius are reflected through a section léss than 1/12th of
the radius.

the established plane The same expression oceurs at 53 and
66, but I do not see the point of it here.

DA, AF. .. a8 sixth of the circumference Tor HB = 1/2 radius
1/2 DB, so DBH is a triangle right-angled at H, with 1ts
hypotenuse equal to twice onie of its gides. Thevefore DBH = 66°,

equal angles with arc YAF The uge of an "angle' hetween
a straight line and am arc of a eircle is probably an archaism.
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82

83

84

85

86

87

Commentary, 81-87

An early example is Aristotle, Prior Analyties 1 24, 41b,

See also [Euclid], Catoptrics Prop. 30 (Heiberg p. 341). Euclid
defines such angles in the Flements (III Def. 7), but never

uses them. Hence Heath (Euclid II p.4) infers that the
definition is taken over from earlier textbooks. If is inter-
esting to find such angles also in the Bobbio Fragment!s

proof of the focal property of the parabola (see Appendix

Bli} p. 203},

as we showed dbove Prop. 2.

let XG...equal to § This defines the position of K.

Sis 1/30f a right angle For AG = 1/2 AD = 1/12th of
circumference (79).

It is far from obvious that R is a right angle. Of the varicus
ways to prove it perhaps the simplest is as follows {I uge
Diocles! termmology for the size of angles). Since TG is
parallel to BA, TGB = ABG = 13 of a right angle Therefore
DGT = 2/3 of a right angle = AGX. Therefore TGX = 2 right
aggles mmus (DGT + AGX) = 2/3 of a right angle. Therefore
TGK = TGX + XGK (2/3 + 1-,/3) of a rlght angle = one right
angle. Since TG is parallel to BA, GKB is also a right angle.
Cf. note on 75, p, 1586,

HA and HB are each equal to half the radius (by constriction).
GK is also equal to half the radius, since GK= 1/2 GN,

and GN is the side of the hexagon inscribed in the circle,

and hence equals the radius, (Alternatively one can show

that the triangles DHA and GKB are congruent).

S eguals E because both are 1/3 of a right angle. For S
see 82. £ = TCK - (TGB + KGX) = 90° = (30° + 30°) =
1/3 of a right angle.

Bz2 = 4/3 BHZ because in the 30°-60-90° {riangle BZH,
BZ = 27H, therefore Bz2 = 47ZH2, And BH2 = Bz2 - 712 =
BZ2 -~ 1/4 BZ2 = 3/4 BZ2,

Diccles wishes to evaluate the length of the section XH,
through which all rays reflected from are GAN must pass;
in terms of the radius. Since BX = BZ (85}, this can be done
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88

89

Commentary, 87-89

vig the 30°-60°<~80° triangle BZH, namely ;(g %ﬁB—-H

In modern terms, this is sec 30° - 1. However, in Diocles!
time trigonometry had not yet been developed (on this see
Toomer; "Chord Table of Hipparchus" pp. 16-23), so precise
evaluation was not possible. Instead, Diocles provides an
approximation, using an inequality, -exactly in the manner

of Aristarchus and Archimedes. It is not obvious how he
arrived at this inequality. Perhaps the simplest way is as
follows.

A lower bound for V3 is given by
- 147 5 144 144 3 s 12

T
BX2=i . BX 2
BHZ ~ 3 UBH V3¢
HX _ BX-BH _ 2- V3  14-12 L
BH BH J3 12 6"
. BH > 6HX.

(Slmllarly, by establishing the upper bound, V'3 < s
one can show that BH < 7THX).

-It is coneeivable that Diocles ksimply used Archimedes'
bounds for V'3 (Measurement of a Circle, Heiberg I pp. 236-40).

These are

1351 265
780 >VE > 153 °

which lead immediately; by the same method as above, to

97 BH 19
6508 > xXu ~ %m

However, if Diocles did use these numbers, it is hard to
see why he did not announce the more accurate result which
they supply.

This follows from 77,

the section beyond X Literally, “the exterior (karij) of
point X',
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90

97-111

97
98
99
101

102

105
106

107

108

109

Commentarys 90-109

The nearer, . .reflection is to H This also follows from 77,

Prop. 4. Construction of the parabola from given focal
distance (use of the focus~directrix property to construct the
parabglal.

center of the surface I e., the vertex of the parabola,

AK must be at right angles to AB,; though this is not stated.

EF is equal to FK. For AK = 2AB = 2AF, and AF = EF,

it cuts GM For GM > GA.

N Here and in what follows the letter denoting “'nin'' often
looks miore like Yra' or'"z8y" in the ms. I have preferred
to-interpret it as a badly-written "nin" rather than make an
explicit correction every time. However, in Fig. 5 the point
corresponding to Z of Fig. 4 is unambiguously N ("nun') in the
ms. On the other hand, the positions of Z and N as I have
marked them in Fig. 4 are guaranteed by the order of the
Greek alphabet. But I suspect that they became interchanged
at some point in the transmission (probably in the Greek;

by rotation of the letters through 90°).

it passes through R For KA = 2ZAFT, AR = 2AB.

LD = NA and MG = 8A By construction (see 102, 101).

L. e..-it is true for each of the points K; N, 8, B that its
distance from A, the focus, is equal to its perpendicular
distance from line SR. This is the focus~directrix property
of the parabola.

LQ = NO-and MC = 8P because ‘they are parallel lines drawn
between parallel lines.

we shall prove subsequently. In Prop. 5.

Here and elsewhere (195,198, 219} Diocles refers to what
is clearly a flexible ruler, which can be bent 1o help draw
a continuous curve through a number of points. "mistara
can repregent only wovidv, and the only other reference I
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110

11224

113

114

115

116

118

Commentary, 109-118

know from sntiquity to a flexible xovdv is the enigmatic
leaden rule™ (porCB6LvVog navdv),; mentioned by Aristotle,
Nicomachean Ethics V 10, 1137b30. From that passage it
appears that this instrument, which was used "“in the Liesbian
method of building!, could be bent to the required shape

for the stone (1pds TS oXhuo ToD ACHoU UeTAHLVELTOL ).
The material of Diocles! instrument, however, appears;
from this passage alone; to be horn. The Arabic is “min
qurunin®, literally, “of horns". One would expect the
singular, "min garnin', but, unless there is some corrup-
tion, I suppose a misunderstanding by the translator of

some adjective such as repdtiLvog. Horn was a very common
material in antiquity, and its flexibility would make it
suitable for the use envisaged here. The closest parallel

I can find is its use for bows (for examples see LSJT s.vv.
wépag 111 1, wepddetog, uepouinds). A surviving example

of an artifact made out of horn because of its flexibility are
the strigils, if they are correctly identified as such, found.
at Balabish in Egypt (New Kingdom): see Wainwright, Balabish
p. 13 and PL. XII 8,

template The Arabic is "qalab', meaning "mold" or "last".

Prop. 5. Proof that a curve produced by the focus-directrix
construction is indeed a parabola.

On the significance of the fact that Diocles feels it
necessary to prove this see Introduction p. 17.

MG ~ MN = BE Literally, "line MG exceeds line BE by
line MN", i.e, this is a way of defining point N. There is

a stmilar phrase at the end of 114.

what was stated At 99,

EN equals NM because: AENM i AEFK I ARAK, and
RA = AK.

QA = MG For QA= AR +BQ, and MG = AB + BG (114).

since G is right Le., intriangle AGM, AM > MG.

we have shown “At 115,

160

123

12535

Commentary, 118=128

4({AB.BG) + GA? = AQ? This is a direct application of
Bueclid II 8, which states (in Heath's translation, I p.389)

"if a ‘straight line be cut at random, four times the rectangle
contained by the whole and one of the segments together”

with the square on the remaining segment is equal to the
square described on the whole and the aforesaid segment

as on one straight line', In the present case, AB is a straight
line cut at G, therefore

4(AB.BG) + GA2 = (AB + BG)?,

Since QB = BG, AB + BG = AB + BQ = AR, so Diocles'
statement follows.

It is interesting that Heath remarks (ibid. p. 200) that
the proposition is "of decided use in proving the fundamental
property of a parabola'. I presume he meang that if a
parabola is defined by the focus-directrix property, one can

_ prove the relationship between ordinate and abscissa, yz =P,

where p is four times the focal distance, using Buclid I 8,
This is precisely what Diocles does; the only difference
being that for him the defining property is the ordinate-
abscissa relationship {(cf. Introduction p. 6). See further
ibn al-Haytham's procedure, Appendix B(ii).

I.e., the defining property of the parabola, for Diocles, is
the constant relationship betweén the square on-the ordinate
and.the abscissa of the didmeter (see Introduction p. 6),
Since the parameter T is 4AB, he ihcidentally proves that
the point A is indeed the focus {in the sense of the point
where the reflected rays all meet (cf. 9).

AK2 = AB.T For AK? = (2AB)2 = 4AB? = AB.4AB = AB. T.

Prop. 6. "Proof" that equal sections of a straight line are
seen under unequal angles by an obgerver situated outside
the line,

That this proposition is & spurious addition is clear from
several considerations. It is utterly trivial, being a mere
variant on Euclid, Optics Prop.4 (the proposition, not the
proof), It appears completely alien from the rest of the
work. The "proof' assumes known what is to be proven (128},
employs a mechanical method alien to Greek geometry:
(129-30) and contains a gross fallacy (133). I have no doubt
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125

127

128

130

131

133

136—49

Commentary, 185-136

that it is an interpolation in the Arabic transmission, but
can suggest no plausible motive for the interpolation.

are subtended by unequal {(angles) Literally, “are seen
as unequal';

We must prove that Perhaps an indication that only the
statement of the proposition, and rviot the proof, is by
Diocles. But I cannot think of a reason why Diocles should
even have enuciated the proposition.

li-kuttitin. One would expect "ila kutlitin', Of the possible
ways-of reading the ms., "li~*" seems preferable to ""bi~",

The statement is true, but precisely what is supposed to
be proved.

Refer to Fig. 6b.

in the preceding section At 128,

N
PX ig subtended by HBD This (like the corresponding
statements in 133 and 134) is of course false. The writer

makes the following assumptions in Fig. VI —g *% But

in fact —B~ < % » and this inequality, which is eguivalent to
the statement that, if o >8, = <tan <
B "tan B
Greek mathematics before Diocles, It is used e.g. by
Aristarchus of Samos (Heath pp. 376~78) and by Archimedes
(Sandreckoner, Heiberg I p. 232), and was of fundamental
importance in evaluating triangles before the development
of trigonometry, as I shall show in detail elsewhere. It is
inconceivable that any competent mathematician could have
committed such a flagrant error as we find here,

s was well known in

Prop. 7. Reduction of Archimedes! problem "how to cut a
given sphere by a plane so that the two segments are in a
given ratio" to conditions affording a solution by means of
conic sections.

For Eutocius' version of this and Prop. 8 seeAppendix A(i),
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13637

137

139

140

141

14243

142

Commentary, 136=142

Fig. V1

This is' proved by Archimedes in Sphere and Cyl'mder II2
(Heiberg I pp. 174-78).

perpendicular. i.e. height (‘umld. . .alladl huwa irtifa‘u-ha)
Eutocius' version of Diocles (Heiberg IIT p..160, 12) has
simply nd9etog (Mperpendicular"), Archimedes, on the other
hand, uses Udog (Mheight') (Heiberg I p. 174, 8). So what

we have here is not a translator's glogs, but was already

in the Greek, though it seems impossible todecide whether
it was written by Diocles himself or by a later glossator

who compared Archimedes® text.

by a similar construction Eutocius (p. 160, 17-18) gives
explicitly (EB + BZ) : ZB = 8Z : ZA.

katt ZH. .. wa-sahmuhu ' This essential clause, missing
in the ms.; has been restored from Eutocius (p. 160, 20-22).
The omission is due to haplography.

This is the subject of Sphere and Cylinder 11 4 (Heiberg I
pp. 186-94),

Archimedes, Heiberg I p. 188, 1-6.
and-it is equal to the ratio of 87 to ZH This sentence is

missing in Eutocius'® version (Heiberg p. 160, 28), though
it is eggential to the sequence of ideas. Misled by this,
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143

149

150~74

152

Commentary, 1421560

Heiberg took ToU71o in the next sentence td refer back, instead
of forward (see next note),

The text here shows that the text of Eutocius' mss., dneselxdn
ol #@vou, must be emended to dnedelydn <Stid> ol Hivou
(as in Appendix A, p, 180), and not, as Heiberg, dnedelydn.
ol <H€> ulivov. Cf, Moerbeke's translation, tguod coni't,

Archimedes. .. did not solve This is a correct, though
vague, description of Sphere and Cylinder II 4, as we have

it. Archimedes reduces the problem to the more general
problem, 'divide a given straight line DZ at X such that the
ratio of XZ to a given line equals the ratio of a given area

to DX squared" (Heiberg I p. 190, 22~25). Having shown that
the problem of dividing the sphere in a given ratio is a
particular case of the above, he concludes (Heiberg p. 192;
5-8) "the analysis and synthesis of both [the general problem
and the particular case] will be given at the end". This
promise is not fulfilled in-the existing text of Sphere and
Cylinder; and, if it ever was, Archintedes® solution had
already been lost soon after his death, sinece both Dionysodorus
{see Introduction p. 2} and Diocles provided solutions, not
indeed of the gereral problem propounded by Archimedes, but
of the original problem of dividing the sphere. We owe our
knowledge of these (until the discovery of the present text)

to Eutocius! commentary on theé Sphere and Cylinder.

Eutoeius also gives. a solution of the general problem,

which he ascribes, plausibly, to Archimedes himself, See
Heiberg III pp. 130-76; Heath, Archimedes, pp. 65-79.

Prop. 8. Solution of the problem defined in Prop. 7. See
Appendix C for a treatment of the problem in modern terms.

It is noteworthy that Diocles changes some: of the letters
from those used in the definition of the problem in Prop. 7
(e. g. the point at which AB is to be cut, which was Z in
Prop. 7, is G in Prop, 8). To complicate matters further,
Hutocius has lettered the figure in yet another way,

Points Z and K must be further defined by saying that they
lie on the extensions of @B and HA respectively. The corres=
ponding points A and @ in Butocius (Heiberg III p, 162, 28)
are similarly ill-defined,
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153

154

155

157

159

160

161

162

Commentary, 153~162

DA : AG = @B : BG (151)

8B : BG = KA ¢ AG {similar triangles). -
Notice how Eutocius gives precisely the content of this note
in his version.

It seems likely that this is an interpolation in the Arabic
transmission, It has no counterpart in Eutociug' version
(though this is far from conclugive). More important, though
the statement is true, it has no consequences, and inter=
rupts the flow of the proof (seeé next note), Furthermore;
what I have translated as "rectangle A@" is literally "“ihe
figure A® having equal sides", i.e. “"parallelogram Ag'";
but A@ is given from its sides only if it is a rectangle. The
last point, however, is not conclusive: in Archimedes!
Method (Heiberg II p. 418, 23, al.) nopadinirdypounoy has the
meaning "square'. Although this is almost certainly not
Archimedes' own usage (cf. Introduction p. 4 n, 3), at least
it provides a Greek parallel for the usage here,

DG : GE is given (150)

and DG = DA + AG = KA + AG (153},

GE = GB + BE = GB + BZ (153).

Therefore (KA + AG) : (BZ + BG) is given,

By similar triangles

é.Ii—ﬁ_G.. d-————KAz———AG
Bz ~ BG % %8 T BG-

By dddition of ratios

AH + AG _ AG
BZ + BG  BG

_ KA+ AG
8B +BG

See 156.

L. and M are given For AL # BM = AH = the given line (152).

DG.GE = LG.GM For DG = KA + AG, GE = ZB + BG,
LG = HA + AG, GM= B +GB,
and (158) (HA + AG) (6B + BG) = (KA + AGY(ZB + BG).

Since LG. MG = DG.GE,
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166

167

168

169

170

Commentary; 162=170

LG MG _ - (KA + AG)(ZB + BG)
(zB +BG)2 ~ (ZB + BG) (zB + BG)2 ’

which is given (156).
By the similar triangles 1L.BQ, GBP, MBR (¢f. note on 16).

L2 _ La _ _Qp?
LG. GM GM = QP.PR’

therefore

LG2 _ 1LG.GM
QP4 ~ QP.PR "

LG _ LB-GB

QP  QB-PB’

but
IB  GB
QB PB "’
therefore

LB -GB _ GB
QB-PB PB’

therefore

LG2  ¢B?

QP2 T PBZ-
ZB + BG = SG + GP = SP,

So (QP.PR) : SP2 is given This is missing in the text, but

the equation
- X1¥X9

is absolutely necessary. It is restored from Eutocius'
version (Heiberg III p, 168, 3-4),

S lies on...an ellipse given in position I.e.; 10 use modern
terminology, if y is an ordinate, xy and x5 the (non-over-
lapping) segments cut off on a diameter by that ordinate;

J

= constant defines an ellipse.

In this case QR is.the digmeter, SP the ordinate. It is not
surprising to find this relationship used as the definition
of an ellipse: Archimedes takes it for granted, €.g. Convids
and Spheroids VIII (Heiberg I p. 294, 29~26), "What is re~

166

171

Commentary, 170=171

markable is; firstly, that the ordinate is not at right

angles to the diameter, i.e. we have the equation applied

in oblique conjugation {(whereas Archimedes normally uses

it in orthogonal conjugation, i. €. applied only to the prin-
cipal-axes, not to any diameter); and, secondly, the name
given to the ellipse, Arabic “gat® nagis", which ¢an represent
only EAlecdis (instead of “section of an acute~angled
coneM). Both features point prima facte to use of Apollonius!
Contes(the above property is proven Conies I 21). It is also
noteworthy that we have in 169 egactly the elements required
by Apollonius (Conics I 58} for constructing an ellipse,
namely (1) the diameter (RQ); (2) the parameter, which is
si'mply the line length which bears the same ratio to the
diameter asg the square on the ordinates bears to the rec~
tangle contained by the segments of the diameter, i.e. here
Q%% : QR; and i(i) the angle
between the ordinates and the diameter (SPR). However,

it is evident fromiConoids and Spheroids XXVI and XXV III that
Archimedes was well aware of the property of the ellipse
(arid the corresponding property of the hyperbola) in oblique
conjugation, and the argument from nomenclature is not
conclusive either. See Introduction pp. 9=15.

the parameter equals

rectangle A8 ig equal to rectangle SH Rectangle NG =
rectangle G8 (complements of parallelograms about-the
diagmeter, Euelid 143). Add rectangle AO to both.

Here again {(ef. note on 170, pp. 166=7) the terminology suggests,
at first sight, that Diocles used Apollonius Conies. The term
for "nyperbola! is "gat¢ za%d", which is the standard Arabic
for OmepBoAf (and not Wsection of an obtuse-angled cone').
Furthérmore the eéxpregsion “al-kattayni *lladayni 18
yalgayani-hu'' must represent ol doduntwrol (the Arabic
translation of Apollonius? Conies uses the similar phrase
Hal-kattani ladani 13 yaga‘ani ‘ald *l-qat‘i", see Nix p. 12);
but doduntutow does not occur inthe serse of "asymptotes"

in extant Greek literature before Apollonius (Archimedes uses
ot Eyyuote 1 toudg or similar phrasess see e.g. Conoids and
Spheroids Introduction, Heiberg I p. 248, 24-25). However,

the sécond case is less cogent than the first, since the word
seems to have existed in other applications {e. g. in the
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175-85

Commentary, 171=176

fourth century B.C., Autolycus, Spherics 8, Mogenet p. 207,
5 and 15, if the text we have is indeed that written by
Autolycus), and could have been applied to the hyperbolic
asymptotes (knowledge of which belongs to the earliest
developments in the theory of conics, see below) by anyone.
Nevertheless; though the forni may be reminiscent of
Apollonius, the content is not. Diocles assumes that; given
two straight lines meeting at right angles, the locus of
points the product of whose vertical distances from the two
lines is constant is a hyperbola to which the two lines are
asymptotes. This is indeed proven by Apollonius, Conies
I 12 (in the more general form where the asymptotes form
any angle whatever, and the distances are taken along lines
parallel to the asymptotes). However, it occurs in precisely
the same form as in Diocles in the earliest known problem
involving conic sections, the method of finding two mean
proportionals discovered by Menaechmus {(fourth century
B.C.), Tt is true that we have this only in the version of
Eutocius (on Archimedes® Sphere and Cylinder Heiberg III
pp. 78-80); but this property of the rectangular hyperbola
is essential to the solution, and must have been known to
Menaechmus (it was probably discovered by him). It is also
used in the solution: (of the same problem-which Diocles
discussed here) which is given by Futocius (Heiberg III
p. 134, 18~24) and plausibly ascribed by him to Archimedes
himself; and again in the solution of the same problem
given: by Diocles! contemiporary Dionysodorus {ibid. p. 154,
189-21).

tarkib This is the standard translation of gdvdeEcLE, € g.
Apollonius, Contes II 49 (Heiberg I p.286,24),1 6& olv¥eoig
& aden thH 1pd aldtol, is translated (ms. Marsh 667, 45Y,
5-8) "wa~tarkib dalika yakunu ‘ala mitli roa gaddamna
bayana~hu'. See also ibun al-Haytham, Majmz¢, third treatise,
p.4,.18.

Prop. 9. To construct a length equal to a given léngth plus
a prescribed fraction of it.

This ig certainly a spurious addition. Although mathe~
matically correct, it is an utterly trivial variation on Euclid
VI 9; as such it has no place in a serious work of higher
mathematics. The only possible conunection that it might
have to the rest of the work is as an (unnecessary) explana-

168

175

180

186207

Commentary, 176-186

tion of 223, where one has to find a line (EN) which is in a
given ratio to a given line (DE).

The last three words of the sentence seem hopelessly corrupt.
One could emend to make sense, e.g. "tamaniyat asbai
A=katti YI-mawdu<i", "“eight sevenths of the peosited line';

but the emendation is not very plausible.

as in the diagram An alternative translation ig Yas we have
described", referring to 176 {(but there it is DA that is
perpendicular to DE).

Prop. 10. To construct a cube twice a given cube.

This and all subsequent propositions are related to the
famous. problem of "doubling the cube" (sometimes known
as '"the Delian problem!, because of the story that an cracle
of Apollo required the Delians, in order to be relieved of
a plague, to construct an altar twice the size of an existing
one), The problem goes back to the fifth century, for
Hippocrates of Chios (late fifth century) reduced it to the
problem of finding two mean proportionals between two lines
one of which was double the other (Eutoeius on Archimedes!
Spherve and. Cylinder; Heiberg 111 p. 88, 18-21). All ancient
solutions are ‘in fact solutions of the latter problem, Por
an account of the many solutions known from antiquity see
Heath, HGM I:pp, 244-70. Most of these (including both of
Diocles' solutions) comeé from the commientary of Eutocius
on Prop. 1 of Book Il of Archiinedes® Sphere  and. Cylinder,
in which Archimedes takes it for granted that one can find
two mean proportionals. Several of the solutions involve
conic sections (as one would expect for a.problem which, in
effect, requires the solution of a cubic equation).

The present solution, involving the intersection of two
parabolas; one of which has a focal distance (or parameter)
twice the other's, is given by Eutocius (Heiberg 1II pp. §2-84;
here Appendix A(ii)). However, BEutocius does not mention
the author. It has been commonly assumed that it is due to
Menaechmus,; on the rot very cogent grounds that in the text
of Eutocius it follows a solution by Menaechmus, being
introduced by the remark diiwg {Manother way''). This
erroneous attribution goes back a long way: it is found in
Molther's Problema Deliqeum-of 1619, p.283; which I.quote
because of the work's rarity: "Menechmus. . .hi¢ vel Parabolae
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Commentary, 186-195

& Hyperbelae vel duarum Parabolarum haud commodas
descriptiones requirebat!. Modern authors, to ¢ite a few
among many, include Montucla; Histoire des Mathématiques

I p. 177, Schmidt, "Fragmente des Menaechmus" p. 77 and
Heath, HGM I pp. 254~55, Since we now find the solution in
Diocles' work, and since Eutocius provides two other excerpts
from Diocles, it is certain that Dioclés is his source for this
too. Tt is true that Eutocius completely recast the proof,
putting it in the "classical form of analysis and synthesis
{where Diocles gives only the "synthetic't form). But he
does exactly the same for Prop. 8 (see Appendix A(i)),
where Diocles gives only the "analytic" form. Eutocius

 alsoomits all referenhce to the method of generating the

191

193-94 .

194

195

¥ li~katti
O ——:

parabola from focug'and directrix, preferring instead to
specify the parameters. This is explained by his pedantic
desire to present all theorems of conics in the “eclassicall
version of Apollonius' (cf. his insertion of anachronistic re-
ferences toApollonius'Conies in his version of Diocles' Prop. 8,
Heiberg p. 168, 11~12; p. 170, 16=17 and 22-23). Unfortunately
for him Apollonius makes no mention 6f the focus-directrix
property in the Conics.

katiratan Iam far from confident that this emendation is
correct (it is rather far from the manuscript, which appears
to have "m3a katra': perhaps one could read “"bi-katrati,

in abundance'); but I am sure that I have rendered the sense
intended by Diocles. It is irrelevant that points L, M; O, P, -
Q are neither "many' nor Yelose 16 each other', since they
are only exempli gratia.

I.e.; D is the focus, and the directrix is a line through G
parallel to EZ. For this niethod of drawing the paradbola
see Prop. 4.

Ui ig not necéssary, of. 193 "qat‘i-ha katti',
but is permisgsible, cf. e.g. Apollonius, Conias I, §pou
(Nix p.5 [Arabic] lines 21-22)"wa~kana kullu wahidin
min~-huma gatitan 1i2l=kutati',

the curved ruler See note on 109,

in this Waz This use of "jiha" ag the equivalent of tpdiog,
not recognized in most dictionaries, oceurs not infrequently
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196—-97

200

201

205

207

Commeritary, 196=207

in mathematical texts; e.g. Diophantus; ms.Meshhed, Shrine
Library 295, p. 14, 16 "bi-jiha ukrat (= €tépy tpdny),

ibid. 16, 18; 61, 4; al.; ¢f. Nicomachus, ed. Kutsch p. 19,
20~21 (cf. index p. 216 5. v.}: of. Galen, Compendium Timaei 1.9
[ Arabic] line 10.

Here the focus is E, and the diréctrix a line through Z
parallel to GD. Cf. note on 193-94,

DN Literally, "the line drawn from D to N'* {because it
is not-actually drawm in the figure).

GL: = DN by construction (193).
41LH.HD + DL? = DL2 + LN2 See note on 118, p. 161. We

have exactly the same situation here as in 118-20, but Diccles
now omits some of the steps in the proof. The full sequetice is:

4LH.HD + DL? = (LH + HD)2,
LH+HD = LH + HG = LG = DN (193),
4LH.HD + DL2 = DN2 = DL2 + LNZ (DLN a right angle).

4LH.HD = A, HL. For HD =’i—A (188).

mean proportionals Literally; "in continuous proportiont,
"mutawaliyani ¢ald nisba' = §0o péoal ward 1O GuvERES
dvdioyov,. as Archimedes, Heiberg I p. 198, 12,

For the equivalence between finding two mean proportionals
and-doubling the cube see the introductory note to this
proposition, p, 169, Since

NL2 _A.B
LR = =% NL. '’
NLS = A2, B = AS‘B,
A
A3

obvious that lines OCNR, KNS are parabolas Proved Prop. 5.
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218

219

220
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221

Commentary, 2058-421

Prop: 11. Method of finding two mean proportiona’ls in a circle.

For BEutocius' version of this and Props. 12 and 13 see
Appendix A(iii),

AB: 07 =073 0B For triangle AZB ig right-angled at
Z {angle in a semi=cirecle).

Prop. 12. Construction of a curve in the circle to solve the
problem of finding two mean proportionals.

rabi¢ Iknow of no other examiple of this word with the

“meaning "quadrant'. Possgibly one should emend to "rub,

the normal term (see e, g. Nix, dpollontus p. 13).

in the preceding proposition See Prop. 11.

by means of the curved ruler See note on 109, Eufocius,

in his version of this passage, seems to envisage joining a .
large number of points with a struight ruler, forming &
series of very short straight lines instead of a smooth curves:
udvovos napadéoel Envzeliavres ebdelas(Heiberg III

p. 168, 10~11).

The line BRQPD is (part of) the curve known in modern

times as the "elssoid". This name(#uo00eLd1¢ or HutToELE4S)
wag applied in antiquity to a certain type or class of curve,
but it seems most unlikely that it was applied to the curve
generated here by Diocles (for my reasons for saying this,
and for an account of the naming and study of the cissoid,

see Introduction pp, 24~25), Nevertheless; since the term

is now universally employed for Diocles! curve, and since

it i convenient to have a nanie to refer to it by, from now

on I uge ""cissoid" to desigrate the curve described here.

P gerves here as an arbitrary point.

Prop. 13. Use of the curve (Ycissoid!") to solve the problem
of constructing a line, the cube on which shall be in g given
proportion to the cube on a given line.

This is & more generdl formiulation of the problem of
doubling the cube,
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235-43

236

238

Conmentary, 845-836

in the way we described See Prop. 12

See Props, 11 and 12,

when four lines..,.the cube on theé second For a proof see
note on 208,

. = s . T3 DM _ ML . Mz ,
DM = MK = DM®? : LM For VL V7 VK (by the
property-of the Yeisgoid"), Therefore ML: and MZ are mean
proportionals between DM and MK, therefore DM : MK

= DM3 : M3 (226).

I e., we construct a rectangle of given side (8) and given
area (A2), This is possible by Buclid I 44, Then A2 = S.X,
and the other side of the rectangle is X (throughout this
section, where I have put "X, the Arabic has "that other
line"},

Prop. 14, An auxiliary construction.

I'regard sections 232~35 (with the accompanying Figs, 14
and 15A) asg a spurious addition in the Arabic, intended to
elucidate an incorrect drawing of Fig. 156B. What Diocles
did (in Prop. 15, excluding 235) was to provide an alternative

“solution of Prop. 18, which has the advantage that instead

of constructing a new circle for every given line (222}, one
constructs once for all a figure which will solve the problem
for any given line (éven if the line exceeds the side of the
figure; 240), Thus 231 is clearly in place, and should be
followed immediately by 2386.

Prop. 15. Alternative solution of the problem of constructing
a line, the cube on which shall be in a given proportion to
the cube on a given line, by means of the Ycisgoid'’,

Fig, 15B should be used, and 235 neglected (se¢ pre=
ceding note). '

the line previously mentioned The "ciggoid™,

wal-=nujiz This is the correct form of the jussive of the
IVth form of "jaza', "'let us make pasg" (ef. nujizu, 2387),
The ms. appears to have "wal-nujaza’ or something similay,
This could normally be interpreted only as some form of
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240

242

Commentary, 238-242

the passive, which is clearly impossible here; where we
have an accusative (“kattan') governed by the verb, How=
ever, there may well be some connection with the aberrant
forms of "jaza' mentioned in the note on 45, and possibly
all five occurrences (45, 113, 131, 163, 238) have the same
explanation, which I am unable to provide.

See 227,

Diocles here uses what is somewhat misleadingly called
"Aprchimedes® Axiom", in the form in which it is found in
Euelid X 1, porism, namely that if any magnitude be con~
tinually halved, one will eventually obtain a magnitude less
than any assigned magnitude: This {and several equivalent
axioms) were used in Greek mathematics in the process of
passage to the limit (often erroneocusly called "exhaustion
in. modern times) by which ancient mathematicians solved
problems involving integration. Such axioms go back at least
to Budoxus (first half of fourth century). For a discussion
of this and other forms see Heath, Euclid II pp.15-186

and Heath; Avchimedes; Introduction pp.xlvii-xlviii.

I. e., if the ratio of E + Z (= AH : HK) is such that, although
AH is less then AB, HK falls below BNS (as in Fig. VII),
the procedure still works. The only difference is that the
order of lines HN and MR is interchanged.

A M H B

174
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244~51

244

245

252

Commentary, 243=2562

The text is very dubious here; but the sense is clear: Diocles
means "any two similar three~dimensional bodies'™.

Prop. 16. To find two mean proportionals between two given
straight lines.

This differs from the previous propositions (13 and 15)
in the following way. There the problem was: given a line x
and a ratio p : g, construct a line y such that x3 ¢ y3 =P v g
It was solved by constructing line z sothat x 12 = p 1 @,
then finding lines' a * d = x ¢ z, where a and d are related
to the Yeigsoid!, Then (from the Ycigsoid") one has two
intermediate lines b and ¢, so thata : d = a3 : b3, hence
a
ig directly: given a and d, find two mean proportionals b
and ¢. This cannot be done immediately from the "c¢issoid!
as constructed by Diocles, for that would require, in Fig. 156B;
finding the point M such that AM = a and ML =d, which is
not possible by Euclidean geometry. Hence the auxiliary
construction of Prop. 16 is necessary (a similar ided is
expressed by Eutocius, p. 70, 2=4, and elucidated by Heiberg,
P« 71 0. 1),

p:q:xgz:a:d=33:b3,soy: Here the problem

al=arba‘a al-katt This is grammatically impossible. The
simplest solution;, which I have adopted, is to suppress
Yal-katt! as a scribal gloss. The expression then becomes

.identical to-that found immediately below. Howevér, one

could also emend "al-katt' to "al-kutUt': gee Wright II
p.244B § 107(d) for this (rather rare) construction.

See Props: 13 and 15
tammat I presume that the feminine {instead of the

masculine agreeing with "kitab') is used because it is
immediately pre¢eded by the plural "al-margya'"
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Appendix A

Text and translation of Butocius® ewcerpts from On Burwing Mirrors

Except for his version of Prop. 7 {(beginning of (i) below), Eutocius
does not quote Diocles verbatim, but reformulates the proofs to guit
the pedantic riorms of his own time (ef. Introduction p.. 18}, Thus he
gives both "analysis" and "synthesis" for Props. 8 and 10, whereas
Diocles gives only analysis for Prop. 8 and only synthesis for Prop; 10,
Perhaps the most radical transformation is Eutocius' elimination

of all mention of the focus=-directrix construction of the parabola in
Prop. 10.

The Greek text is based on that of Heiberg (Avchimedis Opera
Omnia III), but I Have checked Heiberg's readings against the ms.
Florence, Laur, Plut: XXVII 4, and have occasionally adopted a
different reading or emendation. The sigla in the critical apparatus
have the following meanings:

A The lost manuscript of Giorgio Valla (the readings are deduced
from the consensus of all or most of the mss. Dy E, G and H,
which are derived from A).

B The Greek text used by William of Meoerbéke (deduced froni the
autograph of his Latin translation, Vatican, Ottébonianus lat.
1850). B2 refers to a correction or second hand in Moerbeke's
autograph, Bl to the original reading.

Bas. The editio princeps of Archimedes, Basel 1544,

Florence, Laur. Plut. XXVII 4.

Venice, Mare. gr. 305,

Parisinus gr. 2360,

Parisinus gr, 2361 g

moEg

The figures in this appendix are copied (with. slight emendations
of the lettering) from figures in the medieval manugeripts, to provide
some comparison with the reconstructéd figures in Diccles! text,
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Eutocius® vepsion of Prop.7

(i) Heiverg III p. 160, 2 to p. 174, 4 (corresponds to Diocles!
Props. T and 8).

As Diocles in "On Burning Mirrors'.

Diocles also, in his book "On Burning Mirrors', writes [on this
problem]. His introduction is as follows.

In his book "On the Sphere and Cylinder'" Archimedes proved
that every segment of a sphere is equal 10 the cone whose base is
the same as the segment, and whose height is a ‘straight line whose
ratio to the perpendicular from the vertex of the segment to iis base
equals the ratio of the sum of the radius of the sphere and the
pérpendicular of the other segment to the perpendicular of the
other segment. For example, if ABI is a sphere, and it is cut by
a plane; [:namely%the ¢ivéle on diameter T'A, and AB is the diameter
and E the center [of the sphere], and we set

Fig. VIII

HZ < ZzB = (EA + AZ) « ZA
and also 67 : ZA =(EB + BZ) : 2B

[then] it has been proven that segment TBA of the sphere ig equal
to the cone whose base is the circle on diameter A and whose height
is ZH, while segment 'AA is equal to the cone whose base is the
same and whose height is 2.

So, having been set the problem of cutting the given sphere with
a plane so that the segments of the sphere bear.a given ratio, he
[Archimedes] says, after making the above construction: "So the
ratio of the cone whosge base is the cirele on diameter I'A and whose
height is Z6to the conte whose bage is the same and whose height is
ZH is given. Andthis is the ratio of 8Z to ZH. For it has also been
proven that cones on equal bases have to one another the ratio of
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Eutoetus® version of Props.7=8

their heights. So the ratio of 8Z to ZH ig given'., And since

8Z : ZA = {EB + BZ) : BZ
dirimendo,

@A : AZ = EB : BZ.

Similarly HB : BZ = the same straight line [i.e, EB] : ZA. S6 the
problem has turned out as follows:

If line AB be given in position, and the two points A, B be given,
and line EB be given [in magnitude], to cut AB at Z and add [to AB_]
0A and BH so that the ratio of 8Z to ZH be given, and furthermore
that the ratio of 8A to AZ be equal to the ratio of the given line to
ZB, and that the ratio of HB to BZ be equal to the ratio of the same
given line to ZA. This has been solved in what follows; for Archimedes,
having expounded it by a longer method, even so reduces it to another
problem which he does not solve in "On the Sphere and Cylinder",

&
L
" A
z e A/ - e
{2
| | X
~ fi -

Fig. IX

Y

When AB is given in position, and two points, A, B, are givern,
and the ratio of T to A [is given:[, to cut AB at E and add [to AB__[
ZA and HB, so that .

ZE cEH =T A,
and also some given straight line ;s BE = ZA ¢ AT,
and the same straight line : EA = HB : BE.

Suppose it done, and lét BAK, ABM be drawn at right angles to
AB. Let both AK and BM be equal to the given straight liné. Let KE,
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ME be joined and produced to A, 8, and let KM alse be joined, and

$e vl T] P kel Sek oo X W?“‘m“‘?‘“ WX@“ “’l “"ﬁ > 1 Y Tet AN be drawn through A parallel t6 AB, and ZEOT be drawn through
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E parallel to NK. Then since

MB : BE = ZA 7 AE (by hypothesis)
and
8A : AE = MB : BE (from the similarity of the triangles);
therefore
8A : AE = ZA ¢ AE.
Therefore
ZA =8A,
By the same reasoning
BH = BA also.
And since

(KA + AE): (AB + BE) = (8A + AE) ¢ (MB + BE)
(for each of the ratios equals AE : EB), therefore
(BA+ AR). (AB + BE) = (KA + AE). (MB + BE),

Let both AP and Bf be equal to KA, Then since

0A + AE = ZE and AB + BE = EH
and
KA + AE = PE and MB + BE = IE,
and it has been shown that
(BA + AE), (AB + BE) = (KA + AE). (MB + BE),

therefore

ZE,. EHl = PE.EZ,

For this reason, when P falls between A and Z, then I will fall
outside H, and vice versa. Then since

ZE ¢ EH = '+ A and

(ZE.EH) : (EH)? = ZE : EH,
therefore

(ZE.EH) : (EH)%2 =T:A.
But it was shown that

ZE.FEH = PE.EL,
Therefore

(PE.EL) : (EH)2 = T ;.

Let EO be equal to BE, and let BO be joined and produced on both
sides, and let LT, PY be drawn at right angles [to AB] and meet
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Eutocius’ peprsion of Prop.8

it [BO produced] at T, Y. Then since TY has been drawn through

a given point, B, to a straight line given-in position, AB, making

a given angle [with AB], EBO, (half a right angle), TY is given in
position. And T, PY, drawn from points given in position, & , P,
cut it at T, Y. Therefore T and Y are given. Therefore TY is given
in position and magnitude. And since it follows from the similarity
of the triangles EQOB, LTB that

IB ¢ BE = TB : BO,

componendo

SE : EB = TO : OB,
But

BE ¢« EP = BO : OY,
SO ex aequo

LE : EP = TO : OY.

But (TO.OY) : (OY)2 = TO : OY and (3E.EP) : (EP)2 = £E : EP,
therefore (L5, EP) « (EP)2 = (TO LOY) (OY)Z,
and permutando, (OY)Z (EP)? = (TO.0Y) : (LE.EP).

But (OV)2 = 2(EP)2 since (OB)2 = 2 (BE)2, therefore
(TO.0Y) = 2(LE.EP).
But it was shown that

(CE.EP) : (BH)2 = 7 1A,

185



95

100

110

115

Appendtx A(%Z)

e fo &.Kc&?i?c& 7‘*? e ﬁ,-r( 'éo Lewl @,crm, s’uvafuq:@'vejm
1“?} }\g “ ’?@ eé.foc UT&‘O ’T’@U 1’\‘?05 ‘TQ O{ﬁﬁ fo }\@YOV E,Xik Q\f "\1
Sur)\a.c'uz v\qu “"“ ‘ﬁfos 'Y?]v S Keth Ségﬂ"rd.\. P ’\"v\s Sm)\cwwgs
'\*ﬁs v Wfos fr*vlv § )\oyos Sedorare 3 ufe; kel 6 Tel vwo XU
wyes o Mwe '§e Xoyag Exv uj:e( nmqo—m/.x.av e —v-qv gﬂ‘ftos

‘TT&V gt,'ﬁ‘)\ﬁ(G‘LuLV 'Y"YIS 7, OU‘TNS T'\'lV 'TU YT‘?OS OL-X‘)&TIV T\VOL (4)5 T'\’l\l

&, wely W£§t T‘\YIV E3Y 7Po{u§om;x§,v ’i‘)\)\au{:w‘ SoTe oS vau\/o;‘s.{«

b3 o~ € s ) b < 4 5 g"’g
Vs £V ’r‘n VIO ioﬁ 7ldeoL(., TOUTEET TLVY £V ’ru.x_Lc’euzL 5) '(l 5
SiveraBar ~ Woag::t 'r;lv $. thhelmovra é}Lo&tx xo Swe Tu, &,
ifllfs_m SLt\aL 760 f Su;:. ‘r;lv ;LVT\.O‘TFOQ:EV TOU ELKOTOU gewfv'(-

)&@L‘TOS 'TOQ ‘Tf&é'f’ou })\LOU 'rwv Aﬁo)\)\wvu.ou KO-\VLK&)V oT T Ok

Xs.uov \[e?’yo@gu kot Forw & 71 ug‘T & ecj)ocf o'-ru,a.uev o
vevel Beoet Sego/).s.wls g)&u?z@s KL EETEL 8L%7(AV\OS eo=
v Yl XK ~60 v,..\. Wotyoa)\}\q\ox/s;ec.,&ixou Yoov tori vo bwo vén’
TR S o(.ﬁ)&. oy ecs)ak Sea 'rouﬁ wejn, mcruiuv—rwwous ~ous QK),L
YS’““\’“’)’*“*V uwey?o)\vlv "'li“ Sk wod f, well dover Beoee Se-
So}u.v«( e 'ro:_ou;o ?» e pelov vy Bioer SeSooBar walk
E,Ko(“ri.j,x‘kv i a&% ?}4_ Kol 31 TolUwre TS Qxlu c!.c"uy»ﬁ’rw‘*t‘ous
‘/‘-Yf“‘%g“" Rl Core os x] f? <o uye&g cf‘r”»LE.\,ﬁv S rereLl
Béoee Sago/;«,ivwls Uﬂi??on)vvls 'rlﬁ"rs_'\'o $t weL Beeed Ss..go,n,sv'qs
a)\\)\s_ug;s.ms SeSoral X ocfot o 1. wou % «tdTeO K&@gfogn{g
§¢Soran 2 OLPcL vo T. wetu ewel teviv, os Tl ‘p.? n—Pos Ps, iz:

TS ‘Y‘ 'fe( T\‘S)OS e(i, KG:L gﬁ;g@‘\’d\. 'Tl GLE, Sé_ge‘f’cb. oi.j)@i KOLL ?{O{i.

9 fo* BEG, fe A

104 E B ;,?; A

105 eXhelgews GH, &}\\v)‘yms A
109 $e8doBur B, SebocrbuA

114 ?; B = A

186

Eutostus® version of Prop.8

Therefore

{TO.OY) i (EH)Z = 2T ¢ A,
But

(EH)? = (20)2,

for both EH and 0 are equal to (AB + BE),

Therefore (TO.0Y) : (E0)2 = 2T : A,

And the ratio 2T ¢ A is given, therefore the ratio (TO,OY) : (20)2
is also given. So if we make

TY v ancther line, é.g. & =A 2T,

and draw an ellipse about TY, so that the ordinates drawn [’co TY]

at the angle 50B, i.e. half a right angle, are equal in square to
rectangles applied to ¢ and falling short of it by a rectangle similar
to TY . ¢, it [the e111pse] will pass through £, by the converse of

the 20th theorem of Book I of Apollonius' Conie Elements. Liet it be
drawn as YZT. Then point £ lies on the perimeter of an ellipse
given in position. And since AK is the diagonal of parallelogram NM,

NE.EIl = AB.BM.

So it we draw a hyperbola through B to the asymptotes 8K, KM; it
will pass through &, and it [the hyperbola] will be given in position,
sinice point B too is given in position, and so are both AB and BM,
and hence the asymptotes 6K, KM. Let it be drawn as 5B, S6 point
E lies on the perimeter of a given hyperbola, But we found that it
also lies on the perimeter of a given éllipse, Therefore T ig given;
and £ F is g perpendmular from it, so E is given. And since

ZA ;s AE = MB : BE
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EButocius® version of Prop.8

and AE ig given, AZ too is given. By the same argument HB is given,
The synthesis will be as follows. Using the same figure, let the

given line, which is to be cut, be AB, and the other given line AK, and

the given ratio I' ¢ A. Let BM be drawn perpendicular to AB equal

to AK. Join KM, arid let AP and BI be equal to KA, Let PY, ©7T be

drawn perpendicular from P and I, and let half a right angle, ABO,

be constructed at point B, and let BO be produced on both sides and cuf

T, PY at T and Y. Liet

TY ¢ = A2 27T,

and let an ellipse be drawn about TY, so that the ordinates drawn

[to TY] at half a right angle are equal in square to the rectangles
applied to ¢ and falling short of it by a rectangle similar to TY. .
Let a hyperbola BE be drawn through B to the asymptotes AK, KM,
cutting the ellipse at 5, and let the perpendicular EF be drawn from
E to AB and produced to II, and let AZN be drawn through = parallel
to AB, and let KA, MB be producedto A, 8. Join ME and produce it:
let it meet KN at 8. Then since BE is & hyperbola, and 0K, KM its
asymptotes,

NE.EIL = AB.BM,

by the eighth théorem of Book II of Apollonius' Conic Elements,

Therefore KEA is a straight line. So let AZ be equal to 84, and BH
equal to AB. Then since

F:TY =27 <« A
and (TO.0Y) : (80)2 = ¢ : TYY), by the 20th theorem of Book I of

1 Eutocius has commitied & foolish mathematical error here. The eguation
of the ellipse (cf. Introduction p.6) is

¥ . P
X1%5 a

where p is the parameter and & the (total) diameter. In Eutocius’
figure (Fig.IX} ¢ corresponds to p, TY to &. So this eguation should be
(10.0Y)+(E0)2 = TYig, /

The error is easily remedied by setting

TY:d = 2I':A

in the earlier definition of ¢ (i.e. by inverting Butocius® ratic).

Heath (dvchimedes p.7T n.) noted this blunder and correctly attributed
it to Eutoeius,
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Eutoctius® version of Prop.8

Apollonius' Conic Elements, therefore

(TO.OY) : (8E0)2 = 2T : A.

And since

IB +«: BE =TB + BO,
conponendos

IHE « EB = TO : OB.
But

BE : EP = BO : 0OY,
80 ex aeqiio

IE « EP = TO : OY.
Therefore

(ZE.EP) : (EP)? = (TO.0Y) : (OY)?%.
Permytando,

©OY)? : (EP)2 = (TO.OY) : (ZE. EP).

But (0Y)? = 2(EP)2, because (BO)? = 2(BE)2, for BE = RO, since
both the angle at B and the angle at O are half a right angle. Therefore

TO .OY = 2(LE.EP).
Now since it was shown that
(TO.0Y) : (E0)2 = 2T : 4,

and the halves of the first members [of the ratios are] also [in the
same proportion], therefore

r:a=(PE.ED): (80)2 = (PE.EZ) : (EH)2,
for EO = EH, since each is equalto (AB + BE),
So gince
(KA + AE) : (AB +BE) = (8A + AE) : (MB + BE),

for each of the ratios equals AE : EB, therefore

(A + AE). (AB + BE)= (KA + AE). (MB + BE),

4
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Appendie A1) = (12)
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Eutoctus® vergion of Propss 8 and 10

But
8A +AE = ZE, AB + BE = EH,
KA + AE = PE, MB + BE = EI,
Therefore
ZE.EH = PE,EI.

But . :
(PE.EL): (BH)2=T : A.
Therefore
(ZE.EH): (BEH)2 = T : A.
But
ZE : EH = (ZE.EH) : (EH)2,
therefore .
ZE «:EH =T : A.
And since
8A : AR = MB : BE
and
8A = ZA,
therefore

ZA ¢ AE = MB : BE.
By the same reasoning,
HB : BE ='KA : AE.

Therefore, given the straight line AB and the second straight line AK,
andthe ratio T' ¢ A, we have taken an arbitrary [sic!] point E on AB,
and added the straight lines ZA and HB, so that ZE is in the given
ratio to EH, and furthermovre, the ratio of ZA to AE is as the given
line MB to BE, and the ratio of HB to BE is as the given line KA

to AE.

Q.- E.F.

(ii) Heiberg HI p. 82, 2 to 84, 7 (corresponds to Diccles' Prop. 10},
On the misattribution of this solution to ‘Menaechmiis seée note on Prop.
10, pp. 169-70.

. Let the two given straight lines be AB, BT, at right angles to
each other, and let AB, BE be [two] mean proportionals between them,
so that

I'B:BA =BA : BE = BE : BA.
Draw AZ, EZ at right angles [to BA, BE]. Then since
AB : BE = I'B : BA,
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Appendie A(L1) Eutoeius” veérston of Prop. 10

7115 5& LG‘OV £°’TL 'vw d.ﬁ‘o TTIS ?g TGu'ff_O"\’k T’YIS it i.ﬂ'i\. OUV TO - € : %
UWO Sogew'wls K&k Y‘i’ls %i LoV i,c"\’k ’\"Lo at.ﬁ'c tﬂ 1“0 g otg« nLT\"T(—
Tkt Wd?u?o)\ﬂfl‘s ’\“115 thk otéovd_ ’\"rlv gf-_. WOLX\V, &“"&L #.0"‘(!.\/) ws 'r( . \\
B wpbs Be, 4 Q‘Zﬂyos BE, v dpx bnd oS, rovriome b brd .
5 X 3 A

gogucr'vls KuLL 'r'\‘rs ?g \.erov f_o"n. Tm cLﬂ’o £§ 'rowrs.c"n 'T’qs sg
Tc i &?o\. om"ra'rru ﬂotj)dgo\?{s "r'r‘s “Ey\. ugovm ’\‘Tlv ?S ww"\'a\. gc_

KcLL f.'t’f_S)cLs cht.Lc'ﬁls ’Y‘e‘(s Wi?x. ‘\‘«rlv %E. gogmv igo(. 'vo i Kcu KaL—

Beres <t T8, T2+ Soblvra Zpo 4 5, 7. Fig. X
G’UV’\‘E_le.O‘QTnLL SG, OU‘T(DS LD’TUO‘&V OLL SOGF_LG'DCL SUO EUQEK«.&

"fos °Pg°‘s “X)‘T\)‘ms ol “?» %Y’ kel QK}% ?X’l"g‘*’*“" e “"’s"‘fw therefore I’B BE, i.e. the rectangle formed by a given line and BE,

ire ol —g Kotk yeyfa'q;gm WEF\L «fove -r:‘v ;: \'\'a(_yrx?o)\’ri, Soe equals BAZ, i,e. EZ2, So, since the rectangle formed by a given
line and BE equals the square on EZ, then Z lies on the circumference

s Keveryopivas bl T‘l" Be Sdvacbon (“"]"""?‘* *"zv ﬁ\/ e ke of the parabola with axis BE. Again, since

YEYE&*%Q ﬂ'ﬁ?L cl.fovct ’\'1’]\/ gg ??&5)&?0}‘? wcwrg_ '\'QS Kc(.‘\’O(YO’Li— BE : BA . AB : BE,
VLS guvoLcrgeu trol.yot TTlV ot? 'ri.)x‘outrt.v S'vl d)\)«]\/\us oL\. ﬂo(})ocﬁo—

Nl s T,_,w,_.‘,,‘,c,ow KT TO i, Kok %o T69 ! waBerou vl'xguo—okv therefore AB. B4, i.e, the rectangle formed by a given line and BA,
equals EB2, i.e. AZ2, S0 Z lies on the circumference of the parabola
al Lg is. Lrel obv ev ‘ﬂetfd-go)\'q KoL’T'rlK"\“cLL ﬁe TouTEoTiv with axis BA. And we found that it lies on the circumference of

another given [parabolaj.with axis BE. So Z is given, and so are the
.t perpendiculars ZA and ZE. Therefore A and E are given,
'v{ 753 w?os ?S gﬂ rffos ?a Wd,)\\.v Twen bv ﬂeﬁgd.?o)\vl KOLT‘!IK— The synthesis will be as follows. Let the two given straight
lines be AB, BT, at right angles to each other, and let them be
produced indefinitely away from B; let there be constructed on axis
BE a parabola such that the ordinates to BE have as parameter BT,
Again let there be constructed on axis AB a parabola -such that the
ordinates have AB as parameter, Now the parabolas will cut one
another: let them cut at Z, and draw from Z perpendiculars Z4 and
ZE. Then since ZE (which equals AB) is an ordmate to: a parabola,
therefore

gﬁ ’!‘O vc(,‘?ol. U“'O 7?2 (8- g-2 4 E.O"’\’L '\'w oLﬂ'o 9g &0”\"&\/ Qfa (ASV

oL 1'( ig ’TOU'TLG’TtV ‘\'l g '\'O d-fOL U“O gﬁ& Laov ﬁ.O"\'L 'rw OUTO

I'B.BE = BA2,
Therefore

8 v w6, s A I'B ; BA = AB : BE.
10 Sﬂ B, jA
12 ﬁz B,ﬁiA

by <
17 T Sec‘.u.su

Again, since ZA (which equals EB) is an ordinate to a parabola,

AB.BA = EBZ,
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Appendix A(11) = (441) Eutoctus® version of Props.10 and 11

Th
25 €.§ Cori ocg 'ri ﬂ o% 9 95, WfOS ﬁa, 20N & ws 'vl gﬁ erEfBOfeBE = BE : BA.
vfos ?i. sUves 1‘] ’—g o5 9_5 Woll, G cL))oL 1‘1 \/} *n-gos ?S ﬁs But B : BA = AR : BE
ﬁ"yos ﬁe Wl ‘\’1 v-g wpos ?a ovre,y 2 auyuv Therefor.‘e ) o
I'B:BA =BA : BE = EB : BA,

u‘:s AkoK)\ﬁs ;.v '\':a w:g\n Wusu'wv
(iii} Heiberg III p. 66, 8 to 70, 5 (corresponds approximately to

E.V KUK)\@ gwa’xv SUQ SL& £YeoL W Os O gc(s G(K o S K«,l
TX Fes j’ $ ﬁ - Diocles! Props. 11 to 13).

$do Wﬁ?g*tytgd.t. urcu. n&,l’ff.l.)\’ll#%wc‘d.\l s.c*; I..Kd.'ri.?d. 780 ? ax e§ ﬁ{
{8 "\'OU \ v Qw

e Sk el “‘*f**x nhes ‘"l § LPLR! 4*1 ) vt ‘“t‘ X "lg‘“ As Diocles in his book "On Burning Mirrors".

5 )\t\/m -4 { € ’fw\l \/1‘( '\‘lg SUO ,J..i.o‘d\ d.VoLXOYOV E,LO'LV Gi.\, t‘vl 'Vlg 'wa
ng SLd. 't"OU L ’\'"‘ dg wugd}kwﬁos 1’( E..K LG"V! u.j)(& LU’T(.V '\'l ru.v
i.K ’\"11 i"} ‘V] Si. K\f ‘V‘q tg Eo“\“&L 78(? ’t’ou're S«‘\ev om'o e '-i iﬂ. ‘\'d,

T { sﬂt‘t&uy\gew’uv gués_xuv M Lcrd.L Y“? ygvowt'gu, uu. ul\'o X {XS

WL oggeu. ol vryos rdig W, "1 Kl Tevvel qy« wdow B ,‘,:) 'r=rlv )ss, K - X
10 'r'v] )xi ur-r(v uv:au K\ )\oﬂ\”r‘ st "l \IK 'r-r' .\.‘S ton Loy, STel oov r ;A
o, ws -rl Sw n'fos Ke "1 S'rl 'rrfos 1]%, I &g "T SK nfos Ks._j
R vr?os Ky /-Lsmr( 7«? ewoc)\oyov M e v SK KY s o(j)o( S Sw
A i
Fig. X1 ) p *

In a circle let there be drawn two diameters at right angles, AR,
T'A, and let two equal arcs; EB-and BZ, be cut off on either side of
B; let ZH be drawn through Z parallel to AB; join AE. I say that ZH,
HA are two mean proportionals between ['H and HE.

For let EK be drawn through E parallel to AB. Then EK is equal
to ZH, and KT to HA. (This will become clear if straight lines are
drawn joining A to' E and Z: for the angles I'AE, ZAA are equal,
and the angles at K and H are right; so all parts are equal to
all fcorrespondmg] parts, since AFE equals AZ. Therefore the remain-
der [of TA-KA] TK equals HA [the remainder of AA-AH]). Then since

g -)-\:. Bas., ek BY u.ﬁ A AH : H@ = AK : KE,

196 , ' 197




15

20

Appendix A(111)
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Eutocius® version of Prope.1l and 12

but AK : KE = EK : KT (for EK is the mean proportional between
AK and KTI'),
it follows that

AK +KE =BEK : KI' = AH : HS,
Now

AK = I'H, KE = ZH, and KT = HA.
Therefore

'H:Hz=2ZH:HA = AH ; HE.

So if equal arcs MB and BN are taken on either side of B, and NE
is drawn through N parallel to. AB, and AM ig joined, NE and E4
will again be [two] mean proportionals between I'E and EO. So if

more parallels [to AB] are drawn in this manner in close succession
to another between B and A, and ares equal to the arcs cut off by
these parallels from B are marked off on the other side of B towards
T, and straight lines are drawn from A to the points thus generated,
like' AE and AM, then the parallels [to AB] between B and A will be
cut at certain points, like O and 8 in the present figure. If we place
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our ruler against these points and join them by straight lines, we
will-have a certain line drawn in the cirele. Then if we take an
arbitratry point on that line and draw through it a line parallel to
AB, the parallel and the section of the diameter it cuts off from

A will be [two] mean proportionals between the section of the diameter

it [the parallel] cuts off from I', and that part of it [the parallel]
between the point on the line [the "cissoid"] and the diameter T,

Fig. XII
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Eutocius® version of Prop.13

Now that we have made this preliminary construction, lét the
two: straight lines between which we must find two mean proportionals
be A and B. Let there be a ¢ircle, in which there are two diameters,
T'A, BZ, at right angles to each other, and let there be dravn in. it
the line generated from the continuous points, as described above,

4827,

Let TH:HK = A : B,
join T'K and produce it to cut the lineat 8. L.et AM be drawn through
8 parallel to EZ. Then, from the above, MA and AA are [two] mean
proportionals between I'A and A8. And since

TH:HK = TA:A8 and A: B =TI'H : HK,

if we construct between A and B proportionals N and E in the samie
ratio as TA : AM : AA : A8 [i.e. make

A:N:E:B=TA:AM: AA @ A8,
N and Z will have been found as two mean proportionals between

A and B.
Q.E.F.
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Appendix B

Other anetient and medieval proofe of the focal property of the parabola.

The lettering of the figures of these proofs has been chatiged
from the originals to conform with that of Diocles' Prop. 1, to
facilitate comparison. ’

(i) The Bobbio Mathematical Fragment (Heiberg, Mathematicr
Graeei Mivores pp. 87-88).

Y C/ B

Fig. XIIT

See Fig. XIII. Y is the parameter; D a point on the axis such

that BD = %Y. Then

Y.BG = 8G2 (property of the parabola).

202

Proofs of foeal property of parabola

But
Y = 4 BD {construction}.
. 4BD.BG = 6G2.

But
BG = BAL)

and

8G = 2BC (similar triangles),
. BD.BA = BC?,
. & is right.

And since AC = C8, AD =DB8,

(ii) Ibir al-Haytham, "On Parabolic Burning Mirrors" {text, Majmi¢,
fourth risala, pp.4=5; translation, Heiberg-Wiedemann, Bibliotheca
Mathematica X p. 209).

See Fig. XIV. Y is the parameter, D a point on the axis such that
1
BD = -Z-Sf.

AB = B@G;.because SBA is a tangent and 8G an ordinate4),
".4DB.BG + GD2 = AD2, 5)

But 1
BD = 2{5{.
S 4BD.BG = Y, BG.
S.Y.BG + GD? = AD2,

1 Cf. Diocles § Lo. ’

The section in brackets is not in the text, but it is an essentisgl part

of the: proof.

On this use of "mixed" angles see note on § 81.

€f. Diocles § L0,

5 By Ruelid IT 8, YDB.BG + GD? = (DB + BG)2; since BG = AB, (DB + BG)9 =
ADZ. ¢f. Dioccles® procedure, sscond note om § 118.

EY
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But

But

Appendix B

Fig, X1V

Y.BG = 8G2 (property of the parabola);

2 8G2 + DG2 = AD2,

8G2 + DG2 = 8D2 (6GD a right angle)

S AD2 = gD2,
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Appendix. C

Analysis of Archimedes® problem and Diocles’ solution, by O.Neugebauen.

(i) Archimedes, Sphere and Cylinder II 2.

A

S

Pig. XV

See Fig. XV, in which AX =h, BX =x, XD =x', BC =z, ED =1,

CG =g, XF = p.

The volume S of a segment of a sphere of radius r and héight
x equals the volume of a cone of the same basge and height h if
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Appendia C

! .
%=r—§,—x— (x +x'=27), (1)

A modern proof is as follows,

§2 =2 (2r - 2).

Therefore
X
X
S= n/z(zr—z)dz= n2m2_.§z3f
0 0
= 2 = Xy 42 -
tx<(r 3) T X {(8r - x).
Since

x+xt=2r;
S= =x2(3r - x) = =x2(r +x".
3 3
The cone of volume S with base of radius p and height h must there=~
fore satisfy:

k5

p2h = %— 2 (¢ + xY,

3
or; since
p2 = xx!,
xx'h = x2(r + xY),
thus LA +, % » which is (1)..
X X

(ii) Archimedes, Sphere and Cylinder II 4.
To cut a given sphere of radius r so that the volumies of the
segments have a given ratio:

Sy ¢ 8g= Aty

According to the preceding (II 2) one has to construct two cones of
altitude h and h' such that

h r+x' h! r+x

"% %X " Tx @)
and
Bk |
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Avichimedes® problem
because Sy : 8y = h : h', since the cones have a common base;
[Note: Since

x2(3r -~ x) = 3rx2 - 3,

w
AV}
i

and

#2(3p ~x) = (Zr - x)2 (r +x)

I
&

H

473 - 3rx2 + x3 = 493 - %Sz,
for the volume S of the sphere one has
%(Sl +Sg) = 4r3 = —i—S which is correct.]
From
one has

M3rx2 - x3) = u(4rd - 3rx2 + x3),
or
23 (A +u) = 3r(x+u)x2 +4urd =0,

Thus for x one has the cubic equation

3
X3 - 324 2MED o
At

which is equivalent to (10) and (11) below, derived by Archimedes.

Transformation of (&) and (3) to a cubfe equation:

From (2)
h=-% _ r hi=-x' _r
¥ T w %
hence .
r xt _ ht-x! )
%Y T T )
or
r o h-x
W-%f ~ "¢
thus
ht = x' +p h=x%x+r
h' - %! T '
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therefore
hg}: = }il,:f{arr, swhence, adding i to both sides,
ht=x!+pr h'4+h~{E+xV+2r _ h' +h
h' - x' h' =x'+r T x4
Therefore
(h* = x' + r)2 = (b' + h) (h' - x'),
or
At ah _ {(B' = x' +1)2,
RY = %! (a! - x")2
From {4)
r X ht«xV+pr  x+x' _ 2r
e i e e el
From (3)
h+h' A+
h! v

which ig a given ratio. But

h¥+h _ ht+h

ht - x?

Bt R - x!C nt
and, from (5) and (6),

n'+h . (2r)2
B - x! %12

b4

and, from (2},

T oo sl 1
h le_}_f_!_=1_

Hence, from (8) and (7},

h'+h _ (21r)2 r

2

X r

r+x r+x°

X+

hi %12 T r4x U

If we define ¢ by
r ht+h _ X4y

¢ w g

then ¢ is a given parameter.
Then,; from (9) and (10)

T (2.1)2 r

H r=-e

A
or ¢ =1, or = e
u
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(x + x*=27¢)

(5)
(6)

)

(8)

(9

Dioeles” solution of Avchimedes® problem

or
r+x _ (29)2
R o

and, since x' = 2r = x, the cubic equation for x is

r4x (2 )2
¢ (2r-x?- (1)

Geometric interpretation:

See Fig. XVIL. GivenBZ = r, BD = 2r, Z8 = ¢ <r, find a point
X such that

Xz _ BD2

Z8 Dx2 -

e 2r S ¥ '>l"
D X x SE o : ;i"z
Fig. XVI

(iii) Diocles! solition.

A
See Fig. XVIL Given: TR AB = 2r, AH = r, construct the
rectangle AH8RB, where

Al = AH = p,
BM= Bg = r,
RM = r.
Draw RBQ.

We call RQ & and define n from

E X ‘
o (12)

/

We then construct an ellipse with diameter RQ = &, conjugate direction
LQ || RM, and parameter n from (12), Then it is possible to constrict

a hyperbola with H8 and HA as asymptotes, passing through the
point B. There must be a point S where it intersects the ellipse.
Since B and S are points of the hyperbola orne has
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K
R
N| Z
E
D B A Gl M
P
H [6) 2]

Fig. XVII

NS.S0 = AB.B@ (NH, H8 asymptotes),

and the intersection G of SO and AB must be a point of diagonal HZ.

Having so defined the point G we call
AG =x" GB = x,

and draw 8GK. Furthermore, we define D and E from
KA = AD, ZB = BE.

Sinee S ig a point of the ellipse its coordinates
y=8P; z=PR

miust, becaugeof (12), satisfy the equation
2l -2) _ 0 _ 21

ye £ X

Furthermore, by construction
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(13)

Diveles® solution of Archimedes® problem

RB _ BM _ r hence--}EE=—-————-r-'-x
BP % x BP b :
Sinice
BP _ x _ _x
PQ LG  r+xt’
we have
RP . _z . rtx
PQ £z r+x
thus
z{E ~z}) _ (r+x)(r+x)
(g -2)2 (r+x')2 ’
or
Z(E - z) (¢-22_ PQ%

T+xlr+x)  (r-x92  LG2
‘Thus we have
z2{& =z} = 2(r + x) (r + x%),

and, from (13),

Z(E“z)=-2xu-y2»

Hence
B Le b x) (et xt)
A yz :

Buty = SP = PG +BZ = x + BE = GE,
Thus finally

¥ (et (r+x')
X GE2
Since

KA x! HA

9B x  ZB’
we have also
KA+xY _ x'  HA+x

8B +x b ZB +x °

or (KA +%9)(ZB +x) = (B + %) (HA +%),
i.e. DG.GE = {r + x){r + x').
Therefore; from (14},

Mo (r-l-x)(r%x') . DG.GE _ DG
X =,

GE? GEZ T GE
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Furthermore, by construction,

68 _ KA _ DA HA _ BZ _ EB

% x! ¥t 7 xt % x
or
r DG = x! r _ GE-x
- - —.——T‘- k] _—.ﬁ- - U . (16 )
X b4 x x

= hl_xl

h A r | h-x
ht X x!

X

r
P
X

which are the conditions for h; ht, x, and x' (= 2 ¢ - x) corres~-
ponding to a ratio Sy ¢ Sp = A : U for the volumes of the segments
(ct. (2) and (3) above).
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Eroof that rays veflected from the surface formed by the revolution
of a parabola about a chord perpendicular to the axts do not all meet
the circumference of a civele, by 0.Neugebauer

(1) Definitions and terminology.

We consider two planes at right angles to each other, which we
call "horizon™ and "meridian", Their intersection is the *axis!’.
All "incident rays'* are parallel to the axis.

On oceasion we use the terms "“parabola! and "circle™ for
brevity's sake, when in fact only certain arcs of tliese curves
are considered. i

The "reflecting surface” {or the "mirror') is generated by
rotating a parabola in the meridian plane by +90° around the straight
line AB (see Fig, XVIII for the meridian plane, Figs. XIX and XX
for the horizon),

S s

T

Fig, XVIII
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(ii) Consider an'incident ray in the meridian plane which meets
the parabolsa in P. Its reflected ray is PF, making with the normal
PN the same angle as the incident ray. Hence the focus F is a point
of the curve in which reflected rays hit the horizon,

We now consider all incident rays lying in a plane which is
parallel to the horizon and contains the point P. These rays meet
the mirror in a circle of radius BP* (cf. Fig, XIX). The normals
to the reflecting surface in this circle form a right circular cone
which meets the horizon in a circle HNG.

Fig. XIX

(iii} Each reflected ray which belongs to one of the incident
rays under consideration lies in the plane which is defined by that
incident ray and.the normal in the point of incidence. Every plane
which contains a parallel to the horizon, i. €. an ircident ray, inter=
sects the horizon in a straight line parallel to the axis., Therefore
a ray reflected at a point Q of the mirror (ef. Fig. XX) must meet the
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Reflection of rays from pavabaloid

horizon in a point of this straight line, one point of which is the

point M; where the normal QM meets the horizon. Thus the reflected
ray meets the horizon in some point Z of this line such that it makes
at @ (not at Q¥, which is the projection of @ on to the horizon) equal
angles with the normal QM,

E ¥ Ni B

Fig, XX

(iv) Hence we see that the curve in which the reflected rays meet
the horizon originates from the points of & circle HNG by the addition
of the parallél vectors MZ (cf. Fig. XX). One of these vectors hag the
length NF'. The endpoints of these parallel vectors do not lie on a
¢circle, since the vectors increase in length as Q moves towards £90°
from P; for then the angle between incident ray and normal tends
toward 90° hence the angle between normal and reflected ray algo
tenids toward 90°, therefore the reflécted ray tends to become
parallel to the axis, and thus meets the horizon at ever inereasing
distances. Hence riot all reflected rays meet the horizon in a circle.

Fig. XXI
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(v) The curve in question must look like that shown in Fig. XXI.

As the plane of the incident rays varies its distance from the
horizon the radius of the circle HNG varies and s¢ does the width of
the curve in which the reflected rays meet the horizon. All these
curves have only the point F in common and will £ill an area from
the axis to the width of the mirror.
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Index of Technical Terms

This index contains all terms relating to mathematics, astronomy
and technology which occur-in the Arabic text of "On Burning Mirrors',

arranged alphabetically by roots. All occurrences are listed, except

that for those terms occurring a large number of times only a repre=

sentative selection of instances is given, followed by "al.' (other
occurrences); "fr.' (occurs frequently), or "passim!. Referetices
areto sections. If aterm occurs {wo, three or more times in a
section, this is indicated by a raised "“2%, ''3", etc. following the
relevant section number. If a section number is enclosed in angled
brackets, that means that the term appears in that section through
my restoration or emendation. If a section number is starred, that
means that the commentary on that section discusses the term. The
forms of the verb are indicated by the convertional Roman numerals,
Nouns are characterized as such by the addition of the article "al-'
(except where it would be awlkward for sorne reason, e. g. for nouns
in.the construct case), whether or not they have the article in the
passages referred to. '
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LoV elan¥V 136, 149), 243°
¥ 21,33

SN s S

W 25,96y, ool

Q;S 57, 68, 185, 206, 245

Plamd 51,54, 51

Wa W8V 166

Jolee 45,71, 74
a7, 186 242, 243
Yy {i3op

locwdV 3,4, 82 92 10, 29, 51, 52, 62, al.
a5 ‘ |
aad) 9, 62,97, 98, 101, 102, 115, 126, 193, al.
o) 77

Sh 42,20, 241

G\ 462,57, 707, 752,90, 1212, 182, 201,.206, 232
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Index of Teéchnical Terms

5,7, 15, 16, 22, 23, 27, 145, 148, 149, 245, al:
48,76, 111, 140, 141, 143, 204, 218; 221, 226, 234, 239, 244

67, 128, 135, 154, 190, 207, 210, 220, 229

Gl IV 515 54, 91, 110

)
o

44, 83, 231, 232, 236

175%, 183

53, 57, 70, 98%, 99, fv.

VI
ooz I 3,4,6, 13, 118

e
EeF
C:‘*?

=

G
e W

o8P

o cq\,.xk\ 120, 121, 1222, 156, al.
139, 1562, 1574, al.

9, 34, 43, 502, 55, 59, 61, 74, 128, al.
137, 144, 1552
45, 113, 131, 163, {163, 237, (238>

a3y
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ks IV 17, 47, 50; 56, 59, 67, 76, 81, 109
el 55,95

i) ji\ 1, 95

S~ IV 4,16,17,34% 36

3,2 36 v, 51 A

GV 122,32, 33% 34, 35, 59, 95, 97, 111
e v 110

e v 891,129

kg 170, 1722

sjj\.»., ks Jo 3, 32, 55, 197, cf. 56% 57, 59, 60, al.

I 50%, 61, 1092
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T 39%,40; 41, 482, fr.

o X139

CJ\s 40, 89°, 161

Ly sl 136, 140, <1407, 1422, 143

LN S Ly all ks 8, 15,3238, 103, 108, cf. 10, 124, 207
Ls 208,222,235, 236

Lsm 110,219

L 384394, 507, passim v, b, el amiions
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Index of technical terms

Js 2

Vs IV 8, 15, 51, 54, 56, 61, 91, 101, 193, al.
3 _/5\.,\)\ 57, 60%, 622, 101, 102, al; v. Ja,
Lolasdd 5 SN0V 04

sV 15,0

ohosdh 56, 61, 66
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N B

() (= subtend) 125", 128, 1332, {133, 1345

s\ 0 3,4, 14, 17,31, 34, 97

L ) 51 A 2,8 16,31, 96, 97, 252

C’S Jj\ 216
Cj J&\ 86%, 99, 105, 112, 114, 118% 156, al.
e 91

ey 60, 62, 126, 194, 195, 196, 197, 198, 223

MJJ\ 28
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1372, 1422, 143
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12,56, 57, 68, 78, 101, al.

eV S . maan

2
C\,?:}J\ 36
J%) Y 240
Lygh b 4 456 passims v, Loy all, o5\
sly 1k n

39\:)3\

10, 11

53 »
254y ekd 1710172

JL
F B O

3,4,<5), 5,15

6,72, 15, 146, 149

u)abw\ 202"

CL,_J\
§ ol
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34, 512, 533, 557, 592, al.
98, 109", 195, 198, 219

42, 121, 201
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edd 9, 140, 140>
Ll 1617, Qo

el YV 21%, <), 26, 28

Lo 39,40, 413, passim

J
3
e 44,47, 49, 50, 76, 81, al,
% E
g
P
b 55
ad 67
i 8

Jxoe 42,121, 201, 233
5\;@\ 6,92, 95, cf. 90

ele\aadl 3,490, 11, 12, 13, 14, 17, 51, 52, a1,

IS - g 8, 17, 91, 110, 129, 232

IS (- proposition) 111, 114

e
syolall s
Labnal 129, 130
Sl st 55,02
LN 32
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8y aall 232,235

)\Ao 122, 62; 99, 115, 149, 150, 161, 162, 181, al.

e 1198 182

°

o pall - kind) 15
el (- multiplication) 118, 120, 121, 1222, al.

Saam T 35
saall 98, 182, 186, 199, 241°

e v (47D, 150

SL 6 18
o ghlia 17, 185, 206, 225, 229, 239, 241

J}L\ 72,7133, 116, 1282, 1312, 1352 149; 240

LN 21,24, 28
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sasd) 2162 b . 53,69, 209, 215, 216
ke 109,129, 195, 198, 219 et T 144, 184
ke VIL 3,4,9, 112 13, 142, 17, 47, 49, 522 al. Daddl 382
ldawY 12, 17, 56; 63, 772,90 ‘ Jmd 113, 114
kel 52,743, 75, 125, 135 e 116
/‘3‘.1&9 v, 5 A0V
ke <21, 30,33, 40, 58, 174
Ao v ow J
Vo= I 100, 1092, 112, 130, 176, 180, 191, al. y
Ae * sl a2s, 128w ¢ ghas
&gkt S
ke r}u Sl 34, 57, 65°
Cile 7 r.xSJ\ 34"
: 2 Sl
¢ }Lu 10; 97, 98, 141, 144, 1472, 148, al: eheuit! 5
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2 s =70
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C“’?“ (,}L-A 1462, 1502, 164, 170% 172
.sr,l\ 39, 62, 104, 137, 164, 173, 192%, al; v. (S48

Jhee 67,15, 25, 28, 29, 31, 36, 51, 92, al. w29

Jesdd 6, 16,25, 26, <27, 29, 110, 2422, 243 g,__,y e <9

Jgene 32 oA 109"

ske 51,54, <61 e 127,147, 150 ‘

Kooy 16 CriRaaly el ‘39, 43, 44, 76, 78, 802, al.
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Index: of téchnical terms

Lowd 150
j.,ﬁ,g\ 72, 240

Saall (31,34 105, 112, 138%, 140, 208, al

J,_}Qs el 20, 137, 222

C"é 59, 88, 89, 90, 101, 102, 110, al.

CL,:g Vi ‘ 188, 198

CJQ.Q\ (- section): 39, 48, 53, 56, 61, 64, 207, al; v. L A, |
A8 s u.a\;

C},;,;}\ (= cutting) 193, 194

bl 13, 612 66, 96, 1362, 1372, 234, al.

CL\.S 79, 214, 222

sac\dd 44, 362 137, 140, (140, 1422, 143, 233

f,,sj\ 129

i)} 97, 110

o

peia 512,55

wHE 16

bzl 17

A 110*

o i) 79, 80% 81, 882, 89, 91, 135, 2092, 2152, al.
r\&» (.\5 18,22

r\s IV 53,60
Lalinad Je 103, 105, 176, {1773, <191
s Las 12, 125
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A\ 462, 532 55, 602 61, 83, 98, 116, 152, 232, 235
LA e sy Ly all
L Uy e 40,41, 53, 57, 602, 61, 64, 235, al.

RO R ) L o 3s 1
sedl 11,122 322, (33), 35

Ljﬁ 35
Gl 12
uﬂb 32

ol 23", 33
sl 16, <23, 24, 28
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5J,Q\ 122, 132, 142, 20, 91, 96, 1367, 137%, al.
S 1862, 1872, 1992, 2062, 2212, 2262, al.
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G 40,47, 51, 68, 88, 89
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s 9, 62, 86% 102, 107, al.

Jas (eg) 48221

Jaad 34,87, 122, 123, 177, 178, al, of. 175
odas 187, 190, 2062

I 102, 138

e 49,51,59, 607 65, 67, 171, al.

oA 35, 86%, 118, 120, 121, 122, 175, 178, al.
e HI39

TR O T

oA 662

s 47>, 48, 49, 50

s b 116

N 24

el 418,28

L s\ 89,242

Ewtd) 1325 1372, 1397, 1573, 2062, s ve )V gas

olis 2457

e 13, 14% 38, 59, (593, 169, 189, B v. e, i)}
PO RETH

236

s 148, 197,242

uasb Clas 170°, 172
LLadl 46 92 112 182 22, 39, 1914, passim

‘;@ VHI 224
&
w.,\,%l\ 3
gwAAA 186
‘\;&a 231
2
S 3)\ 53°

X9 3,4,36,175% 178, 208, 245, al.
Ledl 100, 130, 105", <208>

2\ 46 45,48, 67, 68, 77, 80, 88, 163, al.
;3\ g20 50,52, 76

@u\!\ Golee 154

Lot o7

ltigua 208

Cieeg 98, 146, 180, 223, 224, 235

¢ L.«.aj 41, 48, 53, 69, 80, 98, 117, 2173, al.
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Index of technieal terms

cey 126 188, {1973, 235, 236, 245, al.

o P 66 v. . g

C“"}X\ 13, 14, 16; 17, 34, 51, 54, 91, al.
£ 32 90 53, 66, 78, 125

s 59,81,82,94,95, 105, 116, al

s S 39,176, 180

£ })\ 94

S VI a4

Jlgze 215

%
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s Jo Jlgu 205°, 210, 213, 2182, 220, 2262, 246, 248, 2517

General Index

This index contains all mentions of all proper names in the book
(excluding the preface), with the following omissions: purely biblig~
graphical references, trivial ocecurrences of "Diocles't, and nathes
of cities where manuseripts are located. It also ¢onstitutes a

selective subject index, References preceded by § are to section

numbers of the text of "On Burning
are to page numbers.

Abu Bisr b. Sahl, 30

Abu ’1-Badr “Abd al=‘Aziz;
addressed by ibn.Kidna, 30

Abl ’1-Futtihis mathematical
treatise by, 28; work on
"AImagest'" star cataloque
by, 28; work on al-Farabils
commentary on “Almagest!
by, 29

AbU ’1-Wafd : on constructing
parabola with given focal
distance, 23; algebraic work
by, 29; addresses Abu Bisr
b. Sahl; 30; ?connected with
Mu’ayyid al=dawla Abl
Mansur, 30

Akbar, emperor: used I1ahi Era,
26 n.4

Akfani, al-: mentions Diocles!
treatise, 16,21

Alexandria: ?Eutociug at, 18;
18 1. 2; school at in late
antiquity; 18, 21; distance
of; from Rhodes, 147

239

Mirrorsh, All othér references

Ambrosian Library, Milan, 19

Ammonius: son of Hérmias,
probably acquaintance of
Eutoeius, 18 n.2

Amphipolis: name Pythion at, 138

analysiss geometrical; 170, 177

Anaximander: and invention of
sundial, 147%

Anaximeness and invention of
sundial, 147

angless denoted by single letters,
151

= "mixed": in Bobbio Mathemati-
cal Fragment, 20~21, 157;
in Diocles and elsewhere,
156~7.

Anthemius of Tralles: used form
TUptiov 3 n, 1; focus of

« parabola in, 15; character-~

istics of his treatise, 16 n,
1. 20, 20, 225 on history of
burning mirror, 16; used
focus directrix property to
construct parabola; 17,



General Index

17 n. 22, 22; did not know
Diocles! work, 18; not author
of Bobbio Mathematical
Fragment, 19-20

= Arabic translation of: “Utdrid's
Uyevision! of, 20; referred
to by ibn al-Haytham, 22,
22 n. 22; mentioned, 20,
21 n, 16

Apollo, Pythidn: principal deity
at Thasos, 138; and doubling
of cube, 169

Apollonius of Perge: date of, 1,
2 1.8, 10 n, i; work "On the
Burning Mirror' falsely
ascribed to, 16, 20, 143;
"Tangencies' of, 16, 16 n. 19;
?knew Diocles! work; 16,
I8 n. 1

-~ "Conics!t (nwvixd):
alleged references to by
Diocles, 1, 170, 187, 189,
191; innovations in conic
theory in, 7-9, 14,15 n,12;
terminology in, T, 14, 152,
167-68; publication of;
10 n. L; foei in, 15,15 n, 13;
focus of parabola not
mentioned in, 15; 1705 omits
theorem that subnormal of
parabola is constant, 22;
151; Arabic translation of,
33, 138-9, 139, 142, 152,
167, 168, 170; construction
of ellipse in, 167. See also
conics, theory of; parameter

application of areas: as method
of formulating second~
degree equations, Ty 7 n, 12;
used by Apollonius to define
symptomata of conics, 7;
?used in conics before
Apollonius, 13~14; Zused

240

by Archimedes, 13-14

Areadias Diocles lived in, 2, 140;
not a "eultural center', 2
mentioned, $4

Archimedes: conics in, 4; 5, 6;
14-15, 150, 166, 168; main
source for pre-Apollonian
conics, 4, 4 n. 2, 5; names
of conic sections in, 4,
4 n, 3; Syracusan dialect
used by, 4 n.3; references
to "elements of conics™ by,
5, 5 n. 4, 150; terminology
of, 4, 5, 6, 13, 15, 141-2,
163, 185, 167; symptomata
of conics in, 6; burhing
mirvror allegedly construc-
ted by; 22, 22 n. 22, 28;
editio princeps of; 23;
studied by mathematicians
of 16th and 17th centuries,
24; mentioned by Diocles; 1;
§136, §149, 179, 181; friend
and correspondent of Conon,
139; correspondent of
Dositheus, 1405 took parallax
into account, 145; distances
between heavenly bodies
according to, 146; omits
steps in proofs, 156; used
inequality to solve triangles,
158, 162; bounds for V3 given
by, 158; assumes that two
mean proportionals can be
found, 169;.his "Axiom",
174, See-also application of
areas; conjugation, oblique;
conjugation, orthogonal;
Hutocius; parameter

= problem left incomplete by:
solved by Diocles, 1, 2; 162,
164, 179-93; solved by
Dionysodorus; 2, 2 0.9, 164;

General Index

solved by ‘?himself, 164,168

= "Sphere and Cylinder': IT 1,
169; 112, 163, 205; 114, 163,
164, 2086; II'5, 171 mentioned
by Diocles, §1364 §149, 179,
181 .

Aristaeuss treatise on conics by,
5; alleged discovery of focus-
directrix property by, 17

Avristarchus of Samos: distance
from earth to moon accor-
ding tos; 148; used inequal~
ities to golve triangles,
1585, 162

Aristotle: Elias' commentary on
"Prior Analytics! of; 18 n. 2;
uses single letters to denote
angles, 151; "mixed! angles
in, 157; Yleaden rule' in, 160,
See also Simplicius

Artemis Brauronia, 153

Asclepius, 153

"agtronomers, the', §18, §28,
145

astronomy: nature of, in Diocles?
time, 145; early Hellenistic,
146

Athena Policuchos: important
deity at Thasos; 138

Athenaeus of Attaleia, 139

Athens: school at in late anti-
quity; 21; name Pythion at,
138, See also Lamptrai,
Zenodorus

Attaleia, See Athenaeus

Aurangzeb,emperor: library of, 26

Autolycus; on "spherics', 145;
term doduntwtos in, 168

axis: of conoid, 9, 142; Arabic
term for, 142

- of conie: meaning, 6; in Diocles,
9, §8, §38, §39, 141

241

Balabish: horn ?strigils found
at, 160

Barocius {Barozzi)s Franciscuss
first in west to use name
Heiggoid!, 25 n. 40

Beeman, W. 0., 27

Belger, C.; 19 n. 8

Berenike, See Coma Berenices

Biruni, al-: epitome of his work
on specific gravities, 30

Bobbio: monastery of St.
Columban at; 19

Bobbio Mathematical Fragment:
uges form. mwoplov, I n.l;
focus of parabola ins 15, 21,
202+3; mentions Apollonius!
"On the Burning Mirror',
16, 20, 142-3; knew Diocles!
work, 16,20, 143; palimpsest
containing, 19; editions and
studies of, 19 n. 65
facsimiles of, 19 n. 7; author=
ship of, 19~20; character=
igtics of, 20;-date of, 20;
archaisms in, 20-21; 157;
spherical burning mirror in,
155 mentioned, 143, 151

Boeotia: name Pythion in; 138

brassy in Diocles {2), §51, §55,
§92; use of, in antiquity,
152~3. See also dpelyoinog

Brockelmann, C.; 29; 30

bronze: ancient mirrors made
from, 152; Arabic terms for,
152

burning~glasss in antiquity, 149;

+(?2)in Diocles® text; 149

burning mirror: Greek name
for, 3, 3 n. 1; Arabic works
ony 21, 21 n. 17. See also
Apollonius; Archimedes;
Diocles; Dogitheus; ntuplov



General Index

< parabolic: 3, §8, §32; §51, §55, ~ early history ofy3~6, 10~-15, 17,

§ 97, §111; invented by
Dositheus; 16; work by ibn
al-Haytham on, 22, 203~4;
used as sundial, §16=§17,
148, 148, 154

= sphericals 3, 20, §12, §32,
§§91-92, §96, 142, 143, 155,
156

168; in light of Diocles® work,

4, 9

conjugation, obliques defined,

8=9; in Apollonius, 8=9;
in Diocles, 9, 15, 167; in
Archimedes, 15, 167

conjugation, orthogonal: defined,

6; characteristic of earlier
conics, 6, L3; in Diocles, 9;
in Archimedes, 167

Callimachus: mentions dpeCxaino S, Conon: mentioned by Diocles,

153

Cantor, Moritzy errors of,
I n.5, 15 n. 14, 19

Casiri, M., 23

chords: no terim: for in Greek, 154;
mentioned, §53

cisdoids used to determine
Dioclest date, 1; used-o
double the cube, 3, 23, 172;
origin of name, 24+-5;
etymology of, 24; mentioned
in antiquity, 24-5; identi-
fication of, 24, 24 n. 36;
name not used by Diocles
or Eutocius, 24, 172;
Diocles! curve not called
Wioooeudis, 24; origin of
modern identification of
unknown, 25; mentions of, in
17th century, 25

Colophons: name Pythion at, 138

Coma Berenices: constellation
of; named by Conon, 139

Commandino; F.+ did not identify
ficigsoid, 25

comnics, theory ofy place of

' Dioccles in, 2, 9=17; in
Apollonius, 7-9, 14~15; in
YOn Burning Mirrors!, 9+=17,
166+68; used in doubling the
cube; 169

242

2, §3; acquainted with
Pythion, §3, 139; date and
biography of, 139; death of,
mentioned by Archimedes,
139, 140; friend of Dositheus,
140; interested in conics, 140
Cos: "town of Archimedes!', 28;
name Pythion at, 138
cube, doubling of: solutions by
Diocles of, 3, 169=170, 171,
172, 173; early solutions
of; 23, 24; 169; solution
by al-Khazin of, 23;
history of problem of, 169;
equivalent to finding two
mean proportionals; 169
cubity as unit of meagsure in
Hellenistic times, § 31,
148

6: transcribed d in Arabic; 138

Delhi. See Nadir Shah

Delian problem; 169. See also
cube, doubling of

Descartes, R.: recipient of
Fermat's "Methodus',
25 n. 38; uses name ""¢issoid',
25

diameter: of conics, 6; meaning
of, in Archimedes, 6, 141

Generdal

Didymtis: pseudonymous treatise
by, on burning mirror, 28;
metrological treatise by,

28 n. 10

Diocless life of; 1-2; solution
of a problem of Archimedes,
bys 1, 162, 164, 205; 209~12;
references to other mathe=~
maticians by, 2; date of, 2;
erroneous dating of, 1 n.5,
18 n.4; lived in Arcadia, 2;
contributions to theory of
conics; 3; 16; 175 relation~
ship to Apollonius, 9, 16, 18
n. 1, 20, 167, 168; not author
of Bobbio Mathematical
BFragment; 19

= work ofs title of; 3; contents
of, 3; allers received
notions of history of conics,
4, 10; terminology in, 9
10,167, 168; archaisms in,
9, 21, 22, 151, 156, 156~7;
translation of, into Arabic,
215 22, 29; name Ygeissoid!
not used in, 24, 172; inter-
polations in, 31, 149, 154,
155, 161+2, 165, 168, 173;
steps omitted in proofs in,
156, 157; use of inequalities
in, 158; use of "Archimedes!
Axiom'™ in, 174. See also
ellipse; Futociusy focus;
hyperbola; parabola

= influence of: in antiquity,
13-21; in the middle ages,
21-23; in the 17th century,
23-24

= manuscripts of; in Meshhed,
26=30; 313 in Dublin, 30-31

Diodorus Pasparos: decrees in
honor of; 147

Index:

Dionysodorus: contemporary of
Dioclesy 2; life and works
ofs 25 2 n.9; solution of
Archimedes*® problem by,
2, 2 n. 9, 164; 168; conical
sundial invented by, 148

Diophantis: Arabic translation
of, 171

directrix. See focus

distances: of sun, 144; of moon,
145

-~ between heavenly spheres:
§20, 146; measured in
stades; 146

Dositheus: mentioned by Diocles,
25 §6; invented parabolic
burning mirror,; 16, 140;
life and works of, 140

Eaton, Ethel: on meaning of

' dpelyarnog, 153

telements of conics's mentioned
by Archimedes, 5, 150;
meaning of, b; theorems in;,
5, 859, 150, 150~51

Elias: Eutocius mentioned by,
18 n.2
Elis: name Pythion at, 138

ellipse: generation of; in early
Greek conics, 4, 10=11;
Apollonius! generation of; 7
symptoma of, 5, 6, 11-12,
15; parameter of; 7; oblique
conjugation of, 16%7; con=
struction of;; by Apollonius,

+ 167

-~ name ofs original; 4;
YApollonian',; 7, 14-15, 167;
in Diocles; 9, 167; alter-
native, 14 n. 10

Eratosthenes: sundial in, 147

243



General Irvidex

Euclid: treatise on conics by, 5;
UOptics™ by, 161; "Surface
Lioci" by, 17; "Catoptrics"
ascribed to, 143, 151, 155,
15%7; on "spherics', 145;
defines, but does not use,
"mixed" angles, 157

- "Elemernts's 5, 151; 143, 167;
144, 173; 11 8 used by
Diocles, 22, 164: 118 used
by ibn al-Haytham, 22, 203;
III Def. 7, 1573 111 75 156
{ter); 1L 31, 151; VI 9, 168;
X 1, 174; Arabic work on
last proposition of XV, 28.
See also Proclus

Eudemus of Pergamum, 139

Eudoxus: axiom used by; to solve
integration problems, 174

Butocius: excerpts from Diocles
by, 1, 18, 23, 163 (bis), 164,
166, 170, 172, 177-201;
gives title of Diocles' work;,
3; additions and changés by,
in excerpts from Diocles,
1, 18, 163 (bis), 164, 170,
172, 177; on early history
of conics; 45 14 n.8; errors
of, 14 n. 8, 189; biographical
data on, 18 n..2; friend of
Anthemius, 18; source of
some references to Diocles
in Islamic works, 23;
source of all knowledge of
Diocles in western Europe;
23-24; did rot use name
Yeissoid!, 24

=~ commentary on Archimedes
byy 18, 18 n, 2, 164, 169, 170;
Arabic translation of; 23;
editio princeps of, 23, 25;
error in text of; 163, See
also cube, doubling of
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Farabi, al~: Abu 21-Wafd?ts work
on geortetrical construc=
tions attributed to, 23 n. 29;
commentary on "Almagest"
by 29

Farganl, al-=: on arrangement of
heavenly spheres, 29;
work(s) on astrolabe by; 29

Fermat, Pierre de: letter to,
from Roberval, 25; uses
name Yeigsoid" for Diocleg!
curve, 25; possgible origi~
nator of nomenclature, 25

focus: of conics in Apollonius,
15; name coined by Kepler,
15 n.18; no name for in
ancient and medieval works,
151,13

- of parabolas known to
Dositheus, 16, 140; not
mentioned, deliberatély, by
Apollonius; 16; in late Greek
works; 16, 21, 202-3; in
Diocles, 16, 140; in ibn
al-Haytham, 203~4

- ~direetrix construction of
parabola: in Diocles, 16;
159, 160, 161, 170, 171,
1775 in Anthemius, 17,

17 n.22

- ~directrix construction of all
three conics: in Pappus, 17;
allegedly discovered by
Euclid, 17; a Hellenistic
discovery, 17

foot: as unit of measure in
Hellenistic times, § 34, 148

Frager, P.: 2 1.8, 21,10

Galens Arabie translations of
works .of, 139, 147, 171

Gandz,; Solomon, 32

Geminusy date of, 1 1. 5;
mentioned, 1, 24

General Index

glasgs: used to make "burning-
instrument't, §36, 149;
used in ancient lamps, 149;
used in ancient mirrors,
149, See algd burning-glass

gnomion: of sundial, §16, §24,
§28; 143, 144; téerms for in
Arabie; 145; in Eratosthenes,
147; attributed to Anaxi-
mander; 147; replaced by
hole; 147, See also sundial

God, §1, §252

Golchin=Ma® &@ni, Ahmad: des~
cription of Diocles ms. by,
26, 27 n. 7; on Nadir Shah's
gifts to Shrine Library,
297 n. 8

Gomes Teixeira, F., 24

Heath, T. L.: erroneous dating
of Diocles by; 1; 1 n.5;
inferred that Diocles des~
cribed parabolic burning
mirror, 16 n. 21; noted error
of Eutocius, 189 n. 1; men-
tioned, 15%, 161, 170
Heiberg, J. L., 4 n.3; 13, 19,
19 n.8, 23, 150, 177
Herakleides: commion name at
Thasos, 138
Herakles: important deity at
Thasos; 138
Hermias. See Ammonius
Heron: solution of doubling the
cube by, 23; "miracle=~
working' devices iny 149;
" Mechanics™ by, 152
Hipparchus: took ac¢cournt of
parallax, 145; determination
of moon's distance by, 145
Hippocrates of Chios: and problem
of doubling the cube, 169
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Hippolytus; "Refutation of all
Heresies" ascribed to, 20

horns used in ancient artifacts;
160

Huxley; G., 15 10,16, 20 n. 10

Huygens, C.: discovered proper=-
ties of cissoid, 24; used
name '‘eissoidt, 25

hyperbola: generation of,; in
early Greek conics, 4, 10=11;
Apollonius! generation of, 7;
symptoma: of; 5y 65 11-12;
parameter of, 7, 13

= name of: original, 4;
"Apollonian', 7, 14-~5, 16+-7;
in Diocles, 9, 167

= agymptotes of: work on, by
al-Sijzi; 30; terms for,
167-8

Iasos: name Pythion at, 138

Ibn Abi Ugaybi‘a, 27, 29

Ton al-Haytham: “"On the Para=
bolic Burning Mirror';
22, 151, 161, 168, 203-4;
style of; 22; knew Diocles!
treatise, 22; "On the
Spherical Burning Mirror',
22 n. 24

Ton Kidna: work by, refuting
al-Karaji, 28; meaning of
name of, 29 n. 12; work on
asymptotes by; 30; date of,
30

Ibn al-QiftT; 29

Iont Sina: on arrangement of
heavenly spheres, 29;
had al-Jazjant as pupil, 29

Ilaht Era, 26, 26 n. 4

inscriptions; Greek, 2 1.7, 3n. 1,
138, 147,148, 149, 153



General Index

interpolations. See Diocles,
work of; Eutocius

Isidore of Seville: Etymologies;
codex-of, 19

Jugjani, al-: work by, on
arrangement of heavenly
spheres, 29; date of, 29

Karajl, al=: work by, "al-Kafi",
28
Kepler; J.: coined name of focus,
15 n, 13
Khazin, al=: reference to Diocles
. by, derived from Eutocius,
23; work on doubling the
cube; 23 n. 27
Kindi, al~: work "On Rays' by,
used Anthemius, 20, 20 n. 12

lamps: used in temples, §36,
149; made of glass in
antiquity; 149; character-
istic of Christian churches,
149

Lamptrai: Athenian deme; 139

Lebadea: building inscription
from, 148

Lesbian method of building, 160

Letronne, A.=J., 138

Loria, G.; 24, 24 n. 36

Magnesia on the Maéander:
name Pythion at;, 138

Mai, Angelo: use of chemicals
by, on palimpsests, 19,
19 1,8

mathermatics, ancient: conditions
under which pursued, 2,
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2 n, 10; mentioned, 153,
See also conics, theory of;
trigonometry

Megalepolis, 2

Megara; name Pythion at, 138

Menaechmus: theory of conics
invented by, 4; Diocles!
method of doubling the cube
misattributed to, 18 n. 4,
169, 1935 method of doubling
the cube by, 23, 169; knew
asymptotic property of
hyperbola, 168

Meshhed, Fadiliyya Madrasa:
mss. in library of, 27,
27 n.8; msg. of transferred
to Shrine Library, 27,27n. 7

- Shrine Library: mss. in, 28,
27; benefactions to; by
N&dir Shah, 27 n.8

mirrors; glass, in antiquity;
149; ?brass, §51, §55, §92,

152+=83; bronze, 152, See also -

burning mirror

Molther, Johann: attributed
Diocles' method of doubling
the cube to Menaechmus,
169~170

Montuela, J. S.; attributed
Diocles' method of doubling
the ¢ube to Menaechmus, 170

Mwayyid al-dawla Abu Mansur:
Buwayhid ruler of Isfahan,
?patron of AbT 1=Wafa?, 30

Mughal Emperors: library of, 26;
defeat of; by Nadir Shah;
27

Muhammad, §252

Mytilene: name Pythion at, 138

General Index

N&dir Shah: brought booty to
Iran from Delhi, 27, 27 n. 8;
benefector of Shrine Library,
Meshhed, 27 n.8

names, Greek: ¢onriection of,
with local deities; 138

Neugebauer, O., 205,213

Newton, Isaac: discovered
properties of cissoid, 24;
used name "cigsoid"; 25

Nicomachus of Gerasa; Arabic
translation of, 171

Olympiodorus;, 18 n. 2
bpelyainog « meaning of, 152-3

Pappus ("Collection"): references
to earlier works on conics
in; 4; on naming of conic
sections, 14, 14 n, 8; un=
reliability of; 14; on focus~
directrix property of conic
sections, 17; does not
mention Diocles; 18;
references to Y“eissoid" in,
24, 24 n. 31; preserves work
of Zenodorus, 139; ""para-
meter'™in, 141

parabola; generation of, in
early Greek conics; 4, 5,
10; Apollonius' generation
of, 7 symptoma of, 6, 7, 17,
161; parameter of, 6, 13,

13 n. 5; parameter of; in
Diocles, 9, §9, §38, §124,
141, 150(bis); focus of,
15-17. §9, 153, 202~4; sub~
normal of, a constant,
150~1. See also axis; focus

= name of:.original, 4; 141;
"Apollonian', 7-14: in
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Diocles, 9, §8, §10, §15,
§32, §$38, §103, §168, §124,
§267, 141; in Bobbio Mathe=
matical Fragment, 20
parabeoloid; 142, 143, 153, 154,
214-16
parallax: neglected in ancient
sundial theory and astro-
nomy; 144, 145, 148,
See also sun
parallelogram: meaning
"rectangle' in Greek texts,
165
parameter; name of: it Archi~
medess; 6, 9, 13, 150; in
Apollonius, 7, 7n. 13, 13,
141; in Diocles; 9, §9; §38;
§124, 141, 150 {bis); hypo~
thetical, in pre-Apollonian
conics; 13. See also parabola
Parion: name Pythion at, 138
Patara:; name Pythion at, 138
Pergamums: inscription of,
mentioning sundial, 147,
See also BEudemus

Philon: method of doubling
the cube by, 23

Philonides: acquainted with
Apollonius, Dionysodorus
and Zenodorus; 2, 2 n,. 8, 139

Plator dpelyainos mentioned by,
153

Pliny (the elder): on invention of
sundial, -147; on glass
mirrors; 149

Polybius; 2

Proclus: on name for ellipse,
14 n. 105 references to
Yeissoid!" by, 24, 24 nn, 32~
34; on neglect of solar
paraillax; 145; mentioned,
18n.2
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= commentary on Euclid I: editio
princeps of; 25; Barociust
Latin translation of; 25 n. 40

proportionals, mean. See cube,
doubling of

Ptolemy: "Analemma' of, 19,
19 n. 5; Arabic translation
of "Planetary Hypotheses"
of, 29, 146

< YAlmagest's dal-Farabi's
commentary on, 29; size of
earth in, 144; parallax in, 145

Piolemy I Euergetes, 139

twptov: name for burning
mirror, 3; spelling of, 3 n, L

Pythion: temple of Apollo at
Thasos, 138

Pythion of Thasos: mentioned
by Diocles, 2, §3, §5, §15;
problent poséed by, §3, §5,
§ 15, 143; name character~
istic of Thasos, 138;
aquainted with Conon; § 3,
139; date of, 139

Qusta by LUgd: as translator, 21;
work of, on burning mirrors,
21, 27; work of, on optics,
275 list of his works by ibn
Abi Usaybi‘a, 27

Ramée; Pilerre de las did not
identify "cigsoid", 25

Rhodes: name Pythion at, 138;
distance of, from Alexandria,
147

Robert, L, 138, 147, 149

Roberval, G. P. de; discovered
properties of cissoid, 24;
used name “eissoid"; 25

ruley, flexible, §109,°§195,

§198, §2189, 159-60, 172

Sahl b. Bidr; 30

Samothraces name Pythion at,
138

Schmidt, Max C. P.: attributed
Diocles' method of doubling
the cube to Menaechmus, 170

section of an acute~angled cone.
See ellipse

section of an obtuse-arngled cone.
See hyperbola

section of a right-angled cone.
See parabola

sections; conic. See conics;
ellipse; hyperbola; parabola

Sesiano, Jacques, 3

Sezgin, F., 30{bis)

Shah Jahan, emperors: library
of, 28; Ilahl Era used by,
26 n. 4

Side: name Pythion at, 138

Sijzi, al-: work on asymptotes
of hyperbola by, 30; ?ibn
Kisna his contemporary, 30

Simplicius: commentary on
Aristotle's "Physices' by,
156

stades: celestial distances
measured in, §20; 146;
Arabic transliterations of;
146

Strabo: sundial mentioned by, 147

suns distance of, in early Helle~
nistic period; 145

= parallax of: considered
negligible by Diocles, §§22+
23, 145; neglected in sundial
theory, 144;taken into
account by Archimedes and
Hipparchus, 145. See also
parallax

sundial; made from burning
mirror, §§16-17, 143-4,
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148; with and without
gnomon, §$24, 147-8; shadow=
receiving surfaces of, §29;
148; impossibility of
burning-mirror sundial, 144;
terms for in Greek and
Arabic, 147; in inscriptions,
147; "roofed spherical, 147;
conical, 148. See also
gnomon

Suter, H., 29, 30

symptoma: meaning of, 5; used
to: characterize conic
sections; 5, 6, 7, 13; in
obligue conjugation, 9, 15.
See also application of
areas; conjugation

synthesis: geometrical, 168, 170,
177

Tabit b. Qurra: work by, on area
of parabola, 29; on arrange~
mient of heavenly spheres;
29

Tannery, Paul: on identification
of "eissoid", 24 n. 36;
mentioned, 1, 18.n, 2

.temples: "miracle-working'

devices in, § 36, 149

Thasos: Pythion geometer from,
§3; Pythion common namie at,
138; Pythian Apollo principal
deity at, 138; Herakleides
common hame at; 138;
Heraklesand Athena
Poliouchos at; 138; Arabic
rendering of name of, 138-9

Themistius: "De Anima'', Arabic
translation of, 152

Theon of Alexandria: preserves
work of Zenodorus; 1.39
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Thegsalonike: name Pythion at,
138

translations from Greek into
Arabics types of work trans-
lated; 21; aberrant termino-
logy in, 21 n.18; reversal of
figures in, 32; lettering of
figures in, 32-3; trans-
literations in, 138, 139, 146;
calques in, 141; mistakes in,
143, 146, 160; technical
terms in, 147 (bis), 152, 154,
168, 1L70~1, 171, 172

trigonometry: not developed in
Diocles! time, 158

Utarid b. Muhammad: “revigion"
of Anthemius! work by, 20,
21 1. 16

Valla, Giorgio: manuseript of
Archimedes owned by, 177
Vitruvius: on sundials, 148

Wiedemann, E., 21 n, 17, 21 n. 19,
21. 1, 20, 29

William of Moérbeke: translation
of Ptolemy's “Analemma' by,
19: translation of Archimeédes
and Eutocius by; 177

Zernodorus: acquainted with
Diocles, 2, §4; §5; date of,
¢ 2, 2n.7,139; biography of,
139; ?an Athenian, 139; name
at Liamptrai, 139
Zeuthen, H. Gy 4 1.2, 13, 13 n. 4,
16, 17 n. 24



